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Supplementary Note 1: Auxiliary multiorbital two-channel Anderson model

In order to analyze the topological features of the S = 1 Kondo model (1) with two non-equivalent channels,
encoded in the generalized Friedel sum rules that we will deduce in Supplementary Note 2, it is better to work with
the auxiliary multiorbital two-channel Anderson Hamiltonian,

HA - HO + Hint- (Sl)
Hj contains the one-body terms:
HO = Hcond + thb + Hd~ (82)

Heona corresponds to two conduction bands (channels): one with symmetry 322 — r? (7 = 1) and another that takes
into account the degenerate m-manifold zz,yz (7 = —1)%:

Hcond = Z Ekrczﬂyck}‘ro; (83)

kTo

we consider conduction electron energy dispersions such that both bands have the same constant density of states
(DOS) and we work in the wide-band limit, such that the half-bandwidth W is the largest energy scale in the problem.
Hyy1, contains the hybridization between the conduction and impurity states with the same 7 symmetry:

Higy = > (Vaclpdro +Hec) (S4)
kT

For correct description of FePc on Au(111), it is essential to allow for very different coupling strenghts V, of each
localized orbital with the substrate, giving rise to a multiorbital Anderson model with non-equivalent orbitals. Due to
its spatial dependence, the 7 = 1 localized orbital hybridizes stronger with the gold surface than the 7 = —1 orbital.
As a consequence, Vi > V_j.

H,; includes the impurity single-orbital (hole) energies and the Zeeman term:

B
Hy; = Z €Ny — BS, = Zewnm, with €0 = €, — o (S5)

TO

We consider a Zeeman term only at the impurity site because for constant conduction-band DOS in the wide-band
limit, the magnetic field has no effect on the conduction band (i.e., it can be eliminated through a simple energy
shift).



The interaction terms act on the impurity states:

2
H: = Z UTnTTnTi —JgS,-S_1+D (Z Sz7> . (86)

We study this model in the particle-hole symmetric case, corresponding to €, = —% and symmetric conduction

bands relative to the w = 0 Fermi level) in order to have exactly one hole in each impurity orbital. In the Kondo
regime, —e, > V.2/W, these two holes are ferromagnetically coupled by the first Hund’s rule, Jy > 0, yielding an
effective S = 1 at the impurity site. Due to symmetry considerations of the involved 3d orbitals, we take the same
Hubbard repulsion U for each impurity orbital. This implies that both single-orbital energies €, should be degenerate
in the particle-hole symmetric case, while ab initio calculations? give an energy difference of the order of 1 eV. In the
Kondo regime this difference is irrelevant.

Among the interactions of a generic multiorbital Anderson Hamiltonian for 3d impurities®, we are neglecting the
inter-orbital Hubbard repulsion U'nin_j, as this term is almost constant in the (particle-hole symmetric) Kondo
regime. We also neglect the pair hopping interaction JH(dITde_ud_lT + H.c.), as, for FePc on Au(111), the two-
electron low energy sector contains only the triplet states due to the strong Hund’s coupling?. While the inter-orbital
Hubbard repulsion U’ could be easily included in the NRG computation, the pair hopping interaction breaks the
separate conservation of the isospin in each channel 7, resulting in a very demanding computational effort.

By means of the equation of motion method, it can be shown?* that all the conduction band information needed for
the computation of impurity observables is encoded in the hybridization functions

Ar(w) =7 V26(w—ekr). (S7)
k

As we assume equal constant conduction-band DOS for boths channels and energy-independent V., the hybridisation
functions A, are likewise constant functions. This is a very reliable assumption for normal conduction bands with
a finite DOS at the Fermi level, as in this case the Kondo physics depend only marginally on the exact form of the
DOS. It should be stressed that, if we were interested in substrate observables like STM spectra far from the impurity,
there would be a need for a more thorough modeling of the conduction bands and the tunneling parameters V...

It is worth to mention that, in the Kondo regime, the Anderson Hamiltonian (S1) can be exactly mapped to the
Kondo Hamiltonian (1) by means of the Schrieffer-Wolff transformation*, with Kondo exchange interactions given
by J, = 4V2/U. Potential scattering is absent due to the particle-hole symmetry. We have numerically verified
the agreement between the predictions for both Hamiltonians. Although the Kondo model is simpler because of its
reduced local Hilbert space, it is better to work with the auxiliar Hamiltonian (S1) in order to clearly interpret the
Friedel sum rules, which involves the computation of the localized spin-orbital occupancies (n,).

Conservation laws for the Anderson Hamiltonian

The Hamiltonian H 4 commutes with the total electron number per orbital
N, = Z Nkro + Z Nro (S8)
ko -
(Nkro = ciwckm) and with the total electron number per spin
No =Y Niro+ > Nro. (S9)
kT ™

Consequently, the system conserves the total electron number,

N = Z N, (S10)
the total spin projection along the z direction,

1
Stot — 3 > N, (S11)



and the total orbital isospin

T, = ZTNTU. (S12)

As there are no spin-orbit couplings and the magnetic field B is along the single-ion anisotropy axis z, the Hamil-
tonian H 4 also commutes with the total spin

1
8% = 5 (S45- +5-5:) +(S.)%, (S13)

where S, =3 (Zk CLTTckw + ddem) ,S_ = (S,)t. It is worth to mention that if the single-particle energies exro

and €, in Hy were arbitrary, the total spin S? would commute with H 4 only if the relations Eprt—Eprl = Eplr't—Epr]
hold for all p, ' =k, d;7,7/ =1, —1.

Supplementary Note 2: Generalized Friedel sum rules
Green’s functions and electron occupation numbers

Under the conservation laws (S11), (S12), it can be shown by means of the Lehmann representation that all the
single-particle Green’s functions (GF) of Hy

kk' kd
Gl =< ckm|c£, o >, GO =< ckm|di,a, >,
dk
QW =< dslcl, . >, G =< d|d., >,

are diagonal in spin and orbital indices. Thus, the GF matrix is block diagonal:

Gy 0 0 0
0 Gy, 0 0
0 0 Gy 0 |
0 0 0 G_y

G — (S14)

where the block indices run over the conduction electron momenta and the impurity, that is, over the set I =
{kla k2a T 7d}

As the interaction terms involve only the impurity degrees of freedom, we can express the conduction-band and
mixed Green’s functions in terms of the impurity GF G¢ using the equations of motion. We have

Gkk/ = grr + |VT|2ngGiO'ngIT7
G = VTQkTGﬁaa (815)

TO

dk’ * d
GTO’ = VTgk/TGTO"

where
1
= ) S16
e (516)
The total electron numbers per spin and per orbital can be expressed as the complex-plane contour integrals®
(Ner) = $ 3Znp(Tr Gro() (517
TO/ — o F TO )

where ng is the Fermi function and the contour I'; shown in Supplementary Fig. 1, encloses all the poles of the GF
matrix (along the real axis) and none of the poles of np (along the imaginary axis). Using (S14) and (S15), we get

Tr Gro(2) = > GEE(2) + G, (= ngT+Z [V I* Gd (2)+ G (2). (S18)

Z—E
L kT
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Supplementary Fig. 1: Integration contours in the complex plane. a) I' encloses all the real axis; b) I'g, the origin of

the complex plane, and I'_, the negative real axis. The dots represent the fermionic Matsubara frequencies iw, = z%

If we define the complex hybridization function

(S19)

I

then

Tr Gro(z) = Y p— ( 82;2(2)) G4, (). (S20)

k

Now we re-express the trace of the GF matrix in terms only of impurity functions (GF and self-energy). Using the
formula'®

det G,, = (H gm) G?_, (S21)
k

and the impurity Dyson equation

(G) ' =2 — €70 = Tr(2) = 4, (2), (522)
where ¢, is the impurity self-energy due to the interaction terms (S6), we obtain
dlndet G} dlng; ' Oln(Gd,)! _or, ot p
TO — T TO - TO . 2
0z Z 9z 0z ng 0z 0z ) Gro (523)
Therefore,
Olndet G} x4, (z)
T — T Te d ZZrol”) 24
rGTU az +GTO’(Z) 82 ’ (S )
and the electron numbers are given by
dz Jdlndet G} dz o (2)
No,)= ¢ — hdiannhutihdi i d bk AN )
(Nep) = e () TG ) S ()G ()5 (525)

Generalized Friedel sum rules and Luttinger integrals

Here, we generalize the Friedel sum rules for multiorbital models using the conservation laws studied by Yoshimori

and Zawadowski®. The first integral in the Supplementary Eq. (S25) for the electron numbers can be rewritten, using
(523), as

z n d -1 z n d -1
Z]f s (e () + § e TG = (0 4§ L P (526)

211 21
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where <NTC((70)) are the conduction electron numbers in the absence of the impurity. In the wide-band limit, the number

of conduction electrons remains unaltered when the impurity is introduced. As a consequence (N, ) —( Nﬁc(,o)) = (Nro).
On the other hand, the last integral in (S26), in the zero temperature limit, is

670

lim ¢ —np(z) =——Im T dw = %ImlntU(O) - %Imln GY, (—00) = o (S27)

T—0 Jp 271 0z s

dz oIn(G2 )1 1 /0 dIn(G2 )1

where we have defined the (Fermi level) phase shift ., through
Gga (0) = _‘Gza (0)|€i5TU .

Putting all these ingredients together we obtain the generalized Friedel sum rules, that relate the quasiparticle phase
shifts and the impurity occupancies at zero T,

0o = 7T<n‘r<7> + Iro, (828)
with the Luttinger integrals I, ,® defined as
0 d
oY
I,=1 Gd =TI . S29
w [ ol (529)

Until very recently, it had been considered that the vanishing of the Luttinger integrals represents one of the hallmarks
of Fermi liquid phases™®. In this way, the (ordinary) Friedel sum rules state that the quasiparticle phase shifts are
simply the impurity occupancies divided by 7, as it was known from the fifties. However, in the last two years, it was
shown that, for certain single-impurity®'° and two-impurity'!"'2 models, the Luttinger integrals can take the discrete
values £7/2 in the so-called non-Landau Fermi liquids (NLFL), that is, Fermi liquid phases that are not adiabatically
connected with their non-interacting counterparts®. In this work we have found that an iron phthalocyanine molecule
on Au(111) behaves as a NLFL in the absence of an applied magnetic field, while for B # 0 it is an “ordinary” Fermi
liquid, but with non-zero Luttinger integrals that change continuosly with B. So, we have shown that there are Fermi
liquids in which the Friedel sum rules (S28) holds only in its generalized version with non-zero (continuous) Luttinger
integrals.
As the impurity spectral function at the Fermi level is

1 1
pro(0) = —~ImG7, (0) = ~|G7,(0)| sin(dr,), (S30)

7r ™
for a Fermi liquid whose low (but finite) energy behavior is characterized by ImX¢_ o —aw? (a > 0). This results
in |G4,(w — 0)| = sind,,/A,. Consequently, the Friedel sum rule for spectral functions, valid for Fermi liquids, is

given by

pro(0) = sin? 6. (S31)

1
AN
The above argument remains valid if the imaginary part of the self-energy has a Dirac § centered exactly at the Fermi

level, as it happens in the NLFL? where ImX¢_ = —aw? — bJ(w). The generalized Friedel sum rule for the spectral
funcion prs(w — 0) (S31) therefore holds even for the NLFL.

Topological interpretation of the Luttinger integrals

Here, we demonstrate that for certain Anderson impurity models (single-orbital, degenerate two-orbital with an
arbitrary magnetic field, non-equivalent two-orbital model without magnetic field), the Luttinger integrals have a
topological nature. For this purpose, we turn off the interactions of the Anderson Hamiltonian H 4. The total electron
numbers can change as the interactions are turned off. Using (S25) the electron numbers in the non-interacting case
are

dz dIndet(G® )=t
0 _ TO
(Nyo)0 = f} 5nre() = , (S32)

where G(©)_, are the non-interacting GF block matrices. One should not confound these electron numbers, corre-
sponding to the non-interacting Anderson model (H = Hy, i.e. setting Hiy, = 0) with the impurity still hybridized
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with the conduction channels, with the previously defined <N$20)> (Supplementary Eq. S26) that correspond to the
conduction electron numbers for the case of decoupled impurity (i.e., setting Hyyr, = 0).
From (S25) and (S32), we obtain

dz dln D dz oxd_(2)
Nro) — (Nro 0= P — — G T 533
(Vo) = (N2 = § 52enr(5) 7527 + § S Enp(2)G, ()72, (533)
where we have defined the scalar function
det GO,
D.o(2) = ——. 4
&)= 3G, (834)
Taking into account (S21), its expression is simplied to
G175 (2)
D.o(2) = ———=. S35
NINE (559
For T — 0, it can be shown'? that the integral
dz OlnD,,
N=¢ — —_—
np(T) ]g 5 () =5 (S36)

is a winding number. When 7" — 0, the vanishing of the Fermi function for Re z > 0 turns I' into the curve I'_ U T
that encircle only the negative real axis and the origin (see Supplementary Fig. 1), and

1
TLD(F) — nD(F_)+§nD(F0)=
_ dz OlnD,,(z) 1 dz OlnD,(2)
B fr_ 27i 0z 3 T, 2mi 0z B (S37)
1 dD7s 1 y 1 dD;,

9

211 Dr_ DTO’ 2 211 Dl"o To

where Dr_ (Dr,) is the closed curve that describes D(z), as z goes along I'_ (T'g) in the complex plane (Re D,Im D).
np(T-),np(Ty) are the winding numbers of D around the origin for paths I'_ and Ty, respectively. These numbers
are integer (positive if D winds counterclockwise around the origin, negative in the other direction). The 1/2 factor
that multiply np(To) comes from np(z = 0) = 1.

In the T'— 0 limit we can use the relations®

. dz 1 0
%11)110 F%nF(Z)F(z)——;Im [m F(w)dw (S38)
to get, from (S33),
1 % 9lnD 1
Niy) = (Npp)? = = =1 —%dw — —I,q.
(Nro) = (Nro) Wm/_m e (839)

The integral can be expressed in terms of winding numbers (S37), that is,

1 1
(Nyo) = (N;o)? =np(T_) + 5”D(FO) - ;ITJ' (S40)
From this we deduce that if the total electron numbers do not change when the interactions are turned off, the

Luttinger integrals only take discrete values that are multiples of 7/2:

Iy =mnp(T_) + gnD(Fo). (S41)

Note that np(T) is different from zero if D(z) has a zero or a pole at z = 0. For example, if D(z) = z or 1/z and we
take I'g as a circle of radius R centered in the origin, then

1
np(To) = =— lim

dD 1 /2“ (£i)Ret?do
2mi B0 Jrory D 2mi Jg

Fox— = L. (S42)



Effective one-body Hamiltonian

If, as it can in general be expected, (N,,) # (N,)°, we can try to tune the effective impurity one-body energies

(chemical potential, magnetic field, crystal-field) in order to force the same interacting and non-interacting electron
numbers. If this is possible, we will show that the Luttinger integrals keep their topological nature. We define an
effective one-body impurity Hamiltonian Hy

Hy=>" (é — %B + 7(7) Nro = 3 EroNro. (543)

The dependence of the single-particle energy €, on o and 7 is dictated by the requirement that the effective Hamil-
tonian obey the same conservation laws (see Supplementary Note 1) as the original Anderson Hamiltonian.
To go further we re-arrange the non-interacting and interacting terms of the impurity Hamiltonian:

Himp = Hg + Hiny = Hg + Hin, (S44)

with
gd = Z gTO'nTO' = Hd + Z (gTO' - 67'(7) Nro, (845)

while
gint = Hint + Z (67'0' - gd‘ro) Nro- (846)

TO

As the Hamiltonian remains unaltered, the impurity Green function does not change. However, there is a rearrange-
ment of its “non-interacting” and “interacting” contributions:

(Gia)_l = (Gﬁg()))_l - Zio =% = €0 — F‘r - Eio’ = (847)

=z =&~ =24 + (0 — €70) = (GHXO) 71 — 52

TO)

(948)

where the renormalized self-energy is defined as the original one shifted by a constant real number (a Hartree contri-
bution to the self-energy):

iﬁo’ = Zﬁo’ + (€r0 — €r0)- (549)

We can see that the renormalization does not change the Luttinger integrals

0 Sd
~ 15)Y
I =1 d T dw =1
o = 1Im [m G, En dw o (S50)

as the constant shift of the self-energy is irrelevant due to the derivative.
Therefore, if we are able to tune the effective parameters so that all the “effective non-interacting” electron numbers
coincide with the interacting ones, that is

(Nro) = <Nro>07 (Sh1)

then, the topological relation between the Luttinger integrals and the winding numbers

o .
olnD,,
I, =—Im / I;wa =mnp(l-) + gnD(Fo), (S52)
is still valid, with
G
TO — Gd . (853)

The possibility to satisfy the electron number conditions (N,,) = (NTU>O for an Anderson Hamiltonian by tuning
the effective non-interacting parameters, depends in how many conditions we must enforce, and how many effective



parameters we have at our disposal for this purpose. For a single orbital Anderson model under a magnetic field,
there are only two electron conduction numbers conditions, i.e. Summplementary Eq. (S51) for ¢ =1 and o =|, to
satisfy and we can use two effective parameters (¢, B) Therefore, the conditions can be satisfied and the Luttinger
integrals have a topological nature. For a degenerate two-orbital Anderson model, even under a magnetic field,
(N15) = (N_1,) always holds due to the degeneracy. As a consequence, there are again two electron conduction
numbers conditions, and both can be satisfied by tuning the effective parameters. Finally, for the Anderson model
corresponding to FePc on Au(111), there are two non-equivalent orbitals. If B = 0, the spin symmetry (N-4+) = (N;|)
reduces the electron number conditions to two, and, hence, they can be satisfied. However, in the presence of a finite
magnetic field, there are four different electron number conditions (N, ) = (N,,)? with only three parameters at our
disposal (¢, B, C~') Therefore, it would be impossible to make this fit for all the electron numbers. In this last case,
the individual Luttinger integrals may not have a topological (discrete) nature. In fact, numerically we have found
that I, change continuosly with B, and that this behavior is essential to understand the experimental STM spectra
of FePc on Au(111) under a magnetic field.

Even though each individual Luttinger integral loses its topological nature for the non-equivalent two-channel
Anderson Hamiltonian (S1), in the next section, we will demonstrate that, due to the conservation laws, certain linear
combinations of Luttinger integrals do have a topological character.

Conservation laws and topological numbers

As already mentioned, for the non-degenerate two-orbital Anderson model, it is impossible to match the interacting
and non-interacting electron number for each spin-orbital separately. However, with the help of the three effective
parameters: chemical potencial €, magnetic field B, and crystal field C, using the non-interacting GF’s corresponding
to the effective non-interacting Anderson Hamﬂtoman

1

G = — :
w+i0t —E— 02 +7C - T+ (w)

we can match, between the interacting and non-interacting models, the three conserved quantities (see Supplemen-
tary Note 1):

i) the total electron number N

N — Z<NTC((,0)> = Z(nm> = Z<ﬁ70>0 = —% Zarctan <~A]§T—&—TC~’> . (Sh4)

TO TO TO

ii) the total St

w1 1 3 A,
S;, t 5 Za<n7‘a’> = 5 ZO‘(’]’LT‘T>O = —g o arctan <~B~> ) (855)

TO TO TO

and, iii) the total orbital isospin T,

T, =N, —N_; = ZT(nm> = ZT(%TU =—— Zrarctan ( A ) (S56)

gy gy E—03 ByrC

In this way, we can show that the following linear combination of Luttinger integrals

0
dlnD.,
T=SN'1,- I I Pre
St =S / e, (857)
0 _
OlnD,,
T, = I.o=— I _—
s ;0’ o ;a m [m 0 dw, (S58)
0 .
olnD,,
T =S rl, =-S5 71 I 270 g,
;T ;7’ m [m 0 w (S59)

(S60)



are topological numbers, as the left hand integrals can be expressed in terms of winding numbers. By the numerical
NRG computation of the Luttinger integrals, we have found that, for the model describing FePc on Au(111), T, =
T; = 0. Meanwhile T takes the non-trivial topological value 27 for D > D, and B = 0 and goes to zero when the
magnetic field is turned on, signalling a topological transition from a NLFL to an OFL (with non-zero Luttinger
integral) as a function of the applied magnetic field.

Supplementary Note 3: Magnetic field dependence of the impurity self-energy

Taking into account that T = T, = 0, the Luttinger integrals can be expressed as
IlT = I,1¢ = IO — Oé(D,B), Ill, = I,1T = Io + Oé(D,B), (861)

where Iy = T'/4 has a topological (discrete) nature, while «(D, B) is the non-topological component of the Luttinger
integrals. For B =0 (D > D.) all the Luttinger integrals are equal, I, = m/2. When a small positive B is turned
on, I_14(= I1) changes continuosly from 7/2 while I14+(= I_1}) has a jump to —7/2. For B < 0 these behaviors are
reversed. The abrupt change in the Luttinger integrals can be ascribed to the shift of the B = 0 Fermi level pole of

the imaginary part of the self-energies: for Ef?’ E‘il | a small positive B shifts (and broadens) the pole to negative
energies of the order of —B/2, giving rise to a 7 change in the Luttinger integral. On the other hand, for Z‘ﬁ, E‘ilT,
due to the symmetry Im¥¢, (w) = ImX¢_ (—w), the poles go to positive energies. These behaviors for ImX{,, Im¥?, |

are displayed in Supplementary Fig. 2.

0 ‘
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Supplementary Fig. 2: Imaginary part of the self-energies. a) E‘fT and b) E‘iu, close to the Fermi level, for different
magnetic fields. The Anderson Hamiltonian parameters are the same as in the main text, except for D = 1.08D..

Supplementary Note 4: Detailed comparison with experiment

In this note, we compare side by side experimental results and our theory for three sets of experiments.

Dependence of the differential conductance as the molecule is separated from the surface

In Supplementary Fig. 3 we represent a set of experimental curves for the differential conductance dI/dV taken
from Ref.! as the molecule is raised from the surface and compare them with the corresponding spectral density of
the localized states of symmetry 322 — 72 in our model. Since the experimental results are affected by a factor that
decays exponentially with the distance between the tip and the surface, which is not included in our model, we have
multiplied them by an arbitrary factor f.

In general, the shapes of experimental and theoretical curves are very similar, except for large separations (top) for
which the theoretical curves are affected by the resolution of the NRG calculations and for small separations (bottom)
for which some admixture of conduction states is expected to influence the conductance and is taken into account by
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dI/dv
p,(@)/p,

® (meV) ® (meV)

Supplementary Fig. 3: Raising molecule from surface. Left: experimental differential conductance as a function of voltage
(taken from Fig. 2 (b) of Ref.!). Right: theoretical spectral density of level 1 as a function of energy, as the molecule is raised
from the surface. The spectral densities plotted are the same as in Fig. 2 of the main text, where a rescaling along the vertical
axis was made for a direct comparison with experimental data.

the factor ¢ in Eq. (8) of the main text. In particular, the comparison when the molecule is on the surface is discussed
below including this factor.

Differential conductance for different temperatures

In Supplementary Fig. 4 we compare experiment (taken mainly from Ref.!®) and theory for the differential con-
ductance dI/dV at different temperatures. The trend of experimental and theoretical curves is very similar. The
theoretical curves have a steeper downwards slope for positive voltage, and in the experiment the maximum in dI /dV
for positive voltage is larger than the relative maximum for negative voltage. Both features might be related with
the effect of subtraction of a background or other features of a particular experiment. At the lowest experimental
temperature (0.4 K) we also show the experimental curve taken from Fig. 1 (c) of Ref.?2. This allows the reader to
grasp some experimental uncertainties.

Differential conductance for different magnetic fields

In Supplementary Fig. 5 we compare the experimental results for dI/dV (also taken from Ref.'®) and theory for
different magnetic fields, assuming a gyromagnetic factor g = 2, inside the range of uncertainty of values reported in
the supplemental material of Refs.!,'®. Taking into account the features mentioned above related with experimental
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Supplementary Fig. 4: Temperature dependence. Left: experimental differential conductance as a function of voltage for
several temperatures. Curves with different type of lines are taken from Fig. 2 (b) of Ref.'® and data in dots (T = 0.4 K) is
taken with permission from Fig. 1 (c) of Ref.?. Right: temperature dependence of the differential conductance as a function of
voltage as in Fig. 3 of the main text with a vertical displacement for a better comparison with the left panel.

uncertainties, and the absence of alternative physical explanations, the agreement is very good.
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Supplementary Fig. 5: Magnetic field dependence. Left: experimental differential conductance as a function of voltage
for several values of the magnetic field (taken from Fig. 2 (c) of Ref.*®). Right: magnetic field dependence of the differential
conductance as a function of voltage as in Fig. 4 of the main text with a vertical displacement for a better comparison with
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