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Abstract

We investigate the superconducting Anderson impurity model for interacting quantum
dot Josephson junctions with spin-orbit coupling and a term accounting for tunnelling
through higher-energy orbitals. These elements establish the conditions required for
spin polarization in the absence of external magnetic field at finite superconducting
phase bias. This Hamiltonian has been previously used to model the Andreev spin qubit,
where quantum information is encoded in spinful odd-parity subgap states. Here we
instead analyse the even-parity sector, i.e., the Andreev pair qubit based on Andreev
bound states (ABS). The model is solved using the zero-bandwidth approximation and
the numerical renormalization group, with further insight from variational calculations.
Electron-electron interaction admixes single-occupancy Yu-Shiba-Rusinov (YSR) compo-
nents into the ABS states, thereby strongly enhancing spin transitions in the presence
of spin-orbit coupling. The ABS states can thus become sensitive to local magnetic field
fluctuations, which has implications for decoherence in Andreev pair qubits. For strong
interaction U, especially in the cross-over region between the ABS and YSR regimes for
U ∼ 2∆, charge, spin, and inductive transitions can all become strong, offering avenues
for spin control and quantum transduction.
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1 Introduction

Andreev level qubits store quantum information in the discrete subgap states localized at
Josephson junctions between superconducting leads. The information can be encoded in dif-
ferent ways, either in the odd-occupancy subspace (Andreev spin qubits) [1–8] or in the even-
occupancy subspace (Andreev pair qubits) [9–22]. The chosen computational basis states are
not necessarily those with the absolute lowest energy, and it was proved possible to control the
occupancy of the subgap state manifold (its odd or even parity) using microwave pumping,
reaching high (90%) parity polarization [23]. Provided that the parity lifetime is long enough,
this allows parity-selective spectroscopy “in hardware” without heralding or post-selection, as
well as state manipulation in what would otherwise be an excited-state manifold.

In the case of Andreev pair qubits based on the Andreev bound states (ABS), the two ba-
sis states are distinguished by the relative phase of the empty-orbital and two-electron parts
of the local wavefunction, (|0〉 ± |2〉)/

p
2, or equivalently, in the basis of Bogoliubov excita-

tions, by the absence or presence of two trapped quasiparticles (QPs), see Fig. 1. One possible
implementation of Andreev level qubits uses hybrid semiconductor-superconductor structures
to build quantum-dot (QD) Josephson junctions that can trap QPs, for instance using InAs
nanowires or Ge quantum wells [22, 24–29]. Such structures can be modelled using the su-
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perconducting Anderson impurity model [30, 31]. Electrons confined in the QD experience
Coulomb interaction, the strength of which, U , depends strongly on the material properties,
the device geometry, and the tuning of gate voltages. It can range from very small values, in
which case the interaction effects require some effort to be detected [32], to values where the
nature of the subgap states changes completely and the QD behaves as a local magnetic mo-
ment [4]; this is the regime of Yu-Shiba-Rusinov (YSR) states [29,33–35]. The change occurs
for values U ≈ 2∆, where ∆ is the superconducting gap [35]. In the limit of small hybridiza-
tion strength Γ , the transition between the two limits is sharp; however, for experimentally
relevant couplings it becomes continuous, accompanied by a strong mixing between the ABS
and YSR components of the wavefunction [35], as schematically represented in Fig. 1.

As a result, in presence of electron-electron (e-e) interaction the ABS states generally
acquire some local-moment character and are therefore sensitive to magnetic fields. The
implications of this mixed ABS/YSR character in realistic devices remain little explored, al-
though the e-e interaction clearly affects the device response [4,5,27,32,36–41]. In particu-
lar, the magnetic-field dependence of the ABS energy can induce unexpectedly large dephasing
through local magnetic field fluctuations. Conversely, the coupling of even-parity subgap states
to the magnetic field may prove advantageous, enabling magnetic state manipulation—akin
to that in Andreev spin qubits—or supporting sensing and quantum transduction applications.

As key results, we will demonstrate that 1) because ABS acquire YSR admixture due to
interaction, Andreev pair qubits are not purely charge qubits, but carry some local-moment
character, 2) spin-orbit coupling in combination with chirality generates spin polarization and
strong spin transitions without external magnetic field, and 3) in the cross-over regime around
U ≈ 2∆, charge, spin, and inductive transition matrix elements are large and tunable.

Figure 1: Schematic representation of the sub-gap states in the even-parity subsector.
The lines represent the QD levels, the arrows represent Bogoliubov quasiparticles lo-
cated either inside the junction (dark) or in the bath (light). The ABS components
(left) differ in the number (zero or two) of trapped quasiparticles, the YSR compo-
nents (right) differ in the wavefunction of the quasiparticle in the bath.
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2 Model

We consider the situation where a single localized level in the QD embedded in the Josephson
junction (JJ) dominates the low-energy physics. The Hamiltonian is then

H =
U
2
(n̂− ν)2 +
∑

lkσ

εkc†
lkσclkσ −
∑

lk

�

∆eiφl c†
lk↑c

†
l−k↓ +H.c.
�

+
∑

kσ

�

V (N)Lp
N

c†
Lkσdσ +H.c.

�

+
∑

kσ

�

V (N)Rp
N

d†
σcRkσ +H.c.

�

+
∑

kσ

�

V (SF)
Lp
N

ic†
Lkσdσ̄ +H.c.

�

+
∑

kσ

�

V (SF)
Rp

N
id†
σcRkσ̄ +H.c.

�

+
∑

kqσ

�

V (D)

N
c†

LkσcRqσ +H.c.

�

+ geffµB(BxSx + BySy + BzSz) .

(1)

Here U is the electron–electron (e-e) repulsion, n̂ =
∑

σ d†
σdσ is the QD occupancy opera-

tor for the orbital d (the partially occupied active level), ν is the gate voltage expressed in
electron units (with ν = 1 corresponding to nominal half filling of the QD). l = L, R indexes
the two superconducting leads, assumed to have equal dispersion εk, equal superconduct-
ing gap amplitude ∆, but different phases φl . We define φR = φ/2 and φL = −φ/2, so that
φ = φR−φL . The remaining terms describe electron transfer processes: V (N) and V (SF) are the
spin-conserving and spin-flipping tunneling amplitudes (the notation σ̄ stands for spin inver-
sion), while the V (D) term encodes all background tunnelling processes through the “inactive”
orbitals away from the Fermi level (those that are nearly fully occupied or nearly empty).
These orbitals are assumed to be integrated out, so that the only remaining contribution is
this direct inter-lead hopping [5, 42]. This contribution to the Hamiltonian is important as a
means to include the hybridisation chirality, which is a prerequisite for “spontaneous” spin po-
larization in the absence of external magnetic field [43–45]. Note that in most circumstances
a nanowire Josephson junction will have a significant number of “inactive” orbitals, hence the
V (D) term is generically expected to be present and need not be small, as evidenced by the
properties of experimental devices that show large mesoscopic variability with many tuning
points exhibiting very large spin splitting [5]. We provide an estimate of the magnitude of V (D)

in Appendix A. V (D) processes are assumed to be spin-conserving (without loss of generality).
We also remark that such Hamiltonian terms are relevant in problems where a QD JJ is em-
bedded in a Bohm-Aharonov interferometer [46,47]. We will assume that the g-factor at the
QD is significantly larger than that in the SC, thus the Zeeman term is included only at the QD
orbital; geff is then the effective g-factor (essentially the difference of QD and SC g-factors).
Sx ,y,z are local spin operator on the QD site, and µB is the Bohr magneton.

We assume V (N)l to be real and to have equal value for both leads, V (N)L = V (N)R = V (N).

V (SF)
l will also be assumed to have equal values, V (SF)

L = V (SF)
R = V (SF); here the signs are

particularly important, because the spin-flip tunnelling terms are “directional” (note the order
of the operators in the spin-flip hopping terms in the Hamiltonian: from cL to d, then from
d to cR). Equal values of V (SF) correspond to the homogeneous case where the SOC effective
field direction is constant along the electron path from one lead through the QD to the other
lead. In matrix notation, the tunnelling terms can be expressed in the form

H ′ =
�

c†
lk↑, c†

lk↓

�

�

V (N) + iσx V (SF)
� �

d↑, d↓
�T
+H.c. , (2)
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where σx is the Pauli X matrix; the effective SOC field thus points along the x-axis. This spe-
cific choice of the SOC direction has been made for notational and computational convenience
and does not restrict generality; for a different orientation of the SOC field, one can choose
the spin quantization axis so as to obtain this form.

To facilitate the discussion, we introduce the relative strength of the spin-flip terms (and
thus the amplitude of the SOC effects) through a dimensionless ratio λ, so that

V (N) = V (1−λ) , V (SF) = Vλ . (3)

The parameter V quantifies the overall coupling; the total hybridization is

Γ = πρ
�

(V (N)L )2 + (V (N)R )2 + (V (SF)
L )2 + (V (SF)

R )2
�

= 2πρV 2
�

(1−λ)2 +λ2
�

. (4)

The background tunnelling will be parametrized as

V (D) = τV , (5)

where τ quantifies the relative importance of tunnelling through higher-energy QD levels [5].
In many experimental devices multiple subgap modes (multiple “channels”) are observed

[3, 19, 37, 40, 48]. In this work we focus on the minimal situation where a single localized
level dominates the low-energy physics; multi-level effects are neglected and could modify
quantitative details, and certainly would be required to obtain transition lines involving several
levels [37].

2.1 Parameter values

In a realistic hybrid nanowire JJ device operated at a generic tuning point, no parameter is
particularly small and all terms in the Hamiltonian are relevant. This is especially important
for the formation of local moments and spin polarization. Experiments (for example those
described in Refs. [4,5]) show a large mesoscopic variability of parameters, including the ra-
tio of spin-preserving and spin-flip tunneling, implying that λ can take essentially arbitrary
value. Unless stated otherwise, we will use the following parameters (referred to as “refer-
ence values”): interaction strength U = 2∆, overall hybridisation V = 0.2∆, nominal filling
ν= 1, dimensionless spin-orbit coupling λ= 0.3, ratio of background tunnelling τ= 0.4, and
phase bias φ = 0.75π. The corresponding energy-phase relationships are shown in Fig. 2; in
particular, the odd-parity states display the expected spin-splitting. Compared to experiments,
this represents a rather modest splitting, thus the parameter set (including V and τ) is realistic
and does not correspond to some extreme situation.

Parity switching is generally a complication for Andreev level qubits [17]. Recent years
have seen major progress in parity control and parity-selective spectroscopy, particularly using
microwave techniques [14, 16, 17, 20, 26, 49–52]. For example, dispersive readout based on
parity- and state-dependent resonator-frequency shifts can be used as a spectroscopic tool,
and quantum capacitance can be measured by reflectometry [53–62]. Unlike conventional
tunnelling spectroscopy, which involves parity-changing processes through electron injection
into the device, these approaches are non-invasive and conserve parity.

In experiments targeting a selected parity subspace, microwave spectroscopy and control
are performed within the parity lifetime of the relevant states [18,19], even when these states
belong to an excited manifold. This was the case, for example, in the first demonstration of
coherent control of Andreev spin qubits in a low-U device [3, 48], where post-selection was
used to isolate the parity sector of interest. Furthermore, the desired parity sector can be
initialized controllably by microwave pumping [23, 39, 63, 64]. In this approach, pumping is
resonant with processes in a fixed-parity subspace, and the parity change subsequently occurs
via spontaneous relaxation; parity polarization of 90% can be obtained.
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Figure 2: Energy-phase relationships (dispersion curves) of the “doublet” (odd parity,
the states relevant in the Andreev spin qubit) and “singlet” (even parity, the states
relevant in the Andreev pair qubit) subgap states for the reference set of parameters
(ZBW results).

In general, finite U favours an odd-parity absolute ground state. For U ∼ 2∆ the ground
state is indeed a spin-doublet unless V is large. For completeness and for easier orientation in
the parameter space, in Fig. 3 we plot the energy difference between lowest-lying odd and even
states δE = EG,o−EG,e in the (U , V ) plane with all other parameters set to the reference values.
In the present work, however, we do not address state preparation or lifetime limitations and
leave these issues for future study; see also Refs. [39, 63, 64] for a broader discussion. We
therefore restrict the analysis to the even-parity sector, irrespective of its energy offset relative
to the lowest odd-parity state.

Figure 3: The energy difference between the lowest-lying states in the odd and even
parity sectors δE = EG,o − EG,e. Shades of blue (orange) represent the part of the
phase space in which the ground state has even (odd) fermionic parity, and the
crossover is indicated with the solid red line. Even in the region of odd-parity ground
state, which includes the reference point, the even-parity sector is experimentally ac-
cessible using parity control (see main text).
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3 Methods

3.1 Zero-bandwidth approximation

We introduce the orbitals fLσ =
1p
N

∑

k cLkσ, fRσ =
1p
N

∑

k cRkσ, N being the number of orbitals
in each superconducting band. By rewriting the tunnelling part of the Hamiltonian in terms of
these operators and dropping from consideration all other orbitals in the superconductors, we
obtain the zero-bandwidth (ZBW) Hamiltonian [65]. This approximation captures the essence
of the problem and provides a convenient starting point for more controlled approaches [66].
For the present problem, comparison with NRG (next subsection) for representative parameter
sets shows that the ZBW method captures all qualitative features of interest and can therefore
be used reliably for mapping out trends. The ZBW calculations reduce to diagonalisation of
small matrices.

3.2 Numerical renormalization group

For a fully quantitative description, especially of phenomena near U ≈ 2∆ where discrete
states interact with the continuum (which is beyond the ZBW approximation), we employ the
numerical renormalization group (NRG) [67,68]. NRG relies on logarithmic discretization of
the leads, mapping to a Wilson chain, and iterative diagonalization. In the present case, the
method is particularly demanding due to the absence of symmetries beyond fermionic parity,1

which can be mitigated by using a coarser discretization parameter at the cost of somewhat
larger systematic errors. Specifically, we use Λ = 8 and we keep up to 3000 states per itera-
tion. Past experience shows that using large values of Λ does not lead to significant errors (in
particular not to qualitative errors) [69, 70]. Even with such large Λ memory requirements
are significant, on the order of 20 to 30GB. The calculation takes on the order of 3 to 4 hours
for each parameter set when running on 8 cores of a modern CPU.

3.3 Variational method

In Ref. [35] we have recently proposed a variational Ansatz for solving the single-channel
SC AIM for any value of U , from the ABS to the YSR limit. In this work, we generalize this
approach to the two-channel case as appropriate for a Josephson junction. The Ansatz becomes

|Ψ〉=
∑

s |ϕ
s〉+
∑

l |ψl〉+
∑

s,l,l ′

�

�

�χ s
l,l ′

¶

, that contains wavefunctions with up to two QPs in the

leads:

�

�ϕ+
�

=
a+
p

2

�

1+ d†
↑d

†
↓

�

|Φ0〉 ,

�

�ϕ−
�

=
a−
p

2

�

1− d†
↑d

†
↓

�

|Φ0〉 ,

|ψL〉=
∑

k

αLkp
2

�

d†
↑γ

†
Lk↓ − d†

↓γ
†
Lk↑

�

|Φ0〉 ,

|ψR〉=
∑

k

αRkp
2

�

d†
↑γ

†
Rk↓ − d†

↓γ
†
Rk↑

�

|Φ0〉 ,

(6)
�

�χ±LL

�

=
∑

k,q

β±LLkq

2
p

2

�

1± d†
↑d

†
↓

��

γ†
Lk↑γ

†
Lq↓ − γ

†
Lk↓γ

†
Lq↑

�

|Φ0〉 ,

1For zero magnetic field, one can make use of the conserved x-component of total spin. However, magnetic
field along the z-axis is required to extract the strength of the SOC effective field.
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�

�χ±RR

�

=
∑

k,q

β±RRkq

2
p

2

�

1± d†
↑d

†
↓

��

γ†
Rk↑γ

†
Rq↓ − γ

†
Rk↓γ

†
Rq↑

�

|Φ0〉 ,

�

�χ±LR

�

=
∑

k,q

β±LRkq

2

�

1± d†
↑d

†
↓

��

γ†
Lk↑γ

†
Rq↓ − γ

†
Lk↓γ

†
Rq↑

�

|Φ0〉 .

Here γlkσ is the annihilation operator for a Bogoliubov QP in lead l ∈ {L, R} with momentum
k and spin σ, defined in Appendix B. |Φ0〉 = | 〉 ⊗ |BCS〉 is the reference state with unfilled
QD and BCS ground state in the leads. Note that there are six independent two-QP states,
corresponding to (l, l ′) = (L, L), (R, R), (L, R), each combination occurring with a +1 and −1
relative sign in the ABS part of the wavefunction. The numerical prefactors in the Ansatz have
been chosen such that the wavefunction is normalized as

|a+|2 + |a−|2 +
∑

lk

�

|α+lk|
2 + |α−lk|

2
�

+
∑

(l l ′)kk′

�

|β+l l ′kk′ |
2 + |β−l l ′kk′ |

2
�

= 1 , (7)

where (l l ′) corresponds to enumeration over the three combinations of lead indexes. The
indexes βl l are symmetric in momentum indexes: βl lkq = βl lqk. In the presence of spin-orbit
coupling, the Ansatz needs to be extended with spin-triplet counterparts to |ΨL〉, |ΨR〉,

�

�χ±l l ′
�

.
For the particular choice of spin-flip tunneling terms with SOC effective field direction along
the x-axis, it is convenient to work with the eigenstates of the x-component of the total spin
operator Sx . With our choice of the hopping terms, only the Sx = 0 terms are required:

�

�ψT
L

�

=
∑

k

(+i)
αT

Lkp
2

�

d†
↑γ

†
Lk↑ − d†

↓γ
†
Lk↓

�

|Φ0〉 ,

�

�ψT
R

�

=
∑

k

(−i)
αT

Rkp
2

�

d†
↑γ

†
Rk↑ − d†

↓γ
†
Rk↓

�

|Φ0〉 ,

�

�χ
±,T
ll

�

=
∑

k,q

ξ±l lkq

2
p

2

�

1± d†
↑d

†
↓

��

γ†
lk↑γ

†
lq↑ − γ

†
lk↓γ

†
lq↓

�

|Φ0〉 ,

�

�χ
±,T
LR

�

=
∑

k,q

ξ±LRkq

2

�

1± d†
↑d

†
↓

��

γ†
Lk↑γ

†
Rq↑ − γ

†
Lk↓γ

†
Rq↓

�

|Φ0〉 .

(8)

Imaginary factors (+i) and (−i) are included to simplify the variational equations and to better
reveal the relation between normal and spin-flip tunneling processing. Further details about
the variational method are provided in Appendix B. We will mostly use the variational method
for qualitative guidance: the results presented in the figures in the main text are obtained using
the ZBW and NRG. In particular limits, the variational solution becomes simple, allowing us
to transparently write the quantitatively correct wave-functions. These results are then used
to provide further clarification of the qualitative behaviour observed in the numerical (ZBW
and NRG) results.

4 General considerations

4.1 Symmetry properties

Away from special points in the parameter space, only fermionic parity and (for zero magnetic
field) the x component of the total spin are conserved. The y and z spin components are not
conserved because of the SOC, and for V (D) ̸= 0 there is no particle-hole (p-h) symmetry, due
to the absence of bipartite hopping structure.
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Figure 4: Top: Eigenenergies of the normal-state (∆= 0) single-electron part of the
Hamiltonian for three values of the dimensionless SOC parameter λ as a function of
the background tunnelling parameter τ= t/V . Bottom: Corresponding probabilities
for electron occupation on the QD orbital for lowest (blue), middle (orange) and
highest-energy state (green).

In general, the results are symmetric with respect to λ = 1/2, so only the interval
λ ∈ [0 : 1/2] needs to be considered. This follows from the fact that one can relate Hamiltoni-
ans with λ and 1−λ through a transformation that maps spin-conserving tunneling terms onto
the spin-flip tunneling terms and vice versa. In particular, the case of pure spin-flip scattering
(λ= 1) maps onto the case of pure normal scattering (λ= 0).

In the following subsections, we discuss specific sets of parameters, in which the model
has increased symmetry.

4.1.1 X -symmetry

In Fig. 4 we plot the eigenvalues of the single-electron non-interacting Hamiltonian at∆= 0 as
a function of τ for several values of λ. In this simplified case, the Hamiltonian is a 6×6 matrix,
and the eigenvalues come in Kramers pairs. Generally, there is no symmetry with respect to
zero energy for τ ̸= 0, except for the special case of λ= 1/2, when the unitary transformation

X :=

¨

d†
σ→ dσ ,

c†
lkσ→ i(−1)l(−1)σclkσ̄ ,

(9)

commutes with the Hamiltonian. In the definition, (−1)L = −1 and (−1)R = 1, σ̄ is spin
inversion, and (−1)↑ = −1, (−1)↓ = 1. The transformation maps spin-conserving tunneling
term onto the spin-flip tunneling term and vice versa, and leaves the Hamiltonian invariant
when the magnitudes of the two processes become equal. The symmetry is carried over to the
full many-body Hamiltonian (∆, U ̸= 0), under the conditions ν= 1, φ = π. As we will see in
the following, this leads to degeneracy of the Andreev pair qubit states. Consequently, system
properties will be anomalous in vicinity of the point (λ= 1/2, ν= 1, φ = π).

The existence of special symmetry for equal spin-conserving and spin-flipping tunneling
rates is expected to be generic, and does not depend on the particular choice of SOC axis and
parametrization, since an analogous mapping could be derived for other forms of SOC terms.
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4.1.2 η-symmetry

For ν= 1, V (D) = 0 and V (N)L = V (N)R , V (SF)
L = V (SF)

R (i.e., for the standard left-right and particle-
hole symmetric QD Josephson junction problem with no inter-lead tunneling, but with SOC),
the Hamiltonian has a unitary symmetry (denoted by η) that simultaneously flips spin, mirror
reflects the system, and exchanges particles and holes. It holds for arbitrary phase biasφ. Even
if the focus of this work is on the general situation with finite V (D), this symmetry represents a
convenient reference point. Furthermore, the variational solution (Appendix B) can be most
compactly expressed in terms of basis states that transform as η-invariants.

For this parameter tuning, the Hamiltonian has an anti-unitary particle-hole symmetry for
any value of the phase-difference φ, given by ΠK , where:

Π :=

¨

dσ→−d†
σ̄ ,

clkσ→ c†
l k̄σ̄

,
(10)

and K denotes complex conjugation. Here •̄ refers to the inversion of spin and the reflection of
k with respect to the Fermi surface. The Hamiltonian also has an anti-unitary mirror symmetry
MK , where:

M := clkσ→ cl̄ kσ , (11)

and l̄ mirrors the channel (e.g. L̄ = R). The particular form of MK makes use of the symmetric
gauge, where conjugation is required to “swap” the values ofφL andφR. Combining these two
symmetries allows us to define a unitary transformation:

η :=

¨

dσ→−d†
σ̄ ,

clkσ→ c†
l k̄σ̄

,
(12)

which leaves the Hamiltonian invariant.
Considering the variational states, we find η

�

�ϕ+
�

= +1
�

�ϕ+
�

and η
�

�ϕ−
�

= −
�

�ϕ−
�

. For
other states in the Ansatz (6), one can find specific linear combinations with definite parity.
For example,
�

�ψ+
�

= |ψL〉+ |ψR〉, along with the condition αLk = αRk̄ defines an η-even state.
Similar construction gives an odd single-QP state

�

�ψ−
�

provided that αLk = −αRk̄. The same
considerations apply to the two-QP states, as well as to triplet states.

4.2 Transition range between the ABS and YSR regimes

The U = 2∆ special point corresponds to a quantum phase transition (level crossing) in the
even-fermion-parity subspace. When U exceeds 2∆ the lowest-energy state changes from the
ABS-like to the YSR-like state, which can be represented in the atomic limit (V → 0) as

|ψABS〉=
1
p

2

�

1± d†
↑d

†
↓

�

|Φ0〉 −→
�

�ψYSR,l

�

=
1
p

2

�

d†
↑ f †

l,↓ − d†
↓ f †

l,↑

�

|Φ0〉 .

For V (D) ̸= 0, the direct tunneling constitutes a weak link between the superconductors,
hence it generates a localized quasiparticle state with an energy level inside the gap [47]. The
creation of the YSR-type singlet |ψYSR〉 becomes less energetically costly, because the quasi-
particle can be generated in this new state instead of being delocalized further away in the
leads. The centre of the cross-over region thus shifts toward lower U .

A quantitatively adequate approximative description of the shift of the transition point can
be obtained from a single-QP mode Ansatz in the YSR regime. Neglecting the coupling with
the dot level, the “direct hopping” matrix element




ψYSR,L

�

�H(D)c

�

�ψYSR,R

�

= V (D) sin
φ

2
,
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reduces the YSR state energy by:

ES =∆− V (D) sin
φ

2
. (13)

As a consequence, the crossover point at finite τ shifts to

U∗/2=∆− V (D) sin
φ

2
. (14)

This discussion assumes other hopping coefficients (V (N), V (SF)) to be zero. When hopping
to the dot is finite, there is an opposing effect, pushing the cross-over region towards larger
values of U [35]. For realistic parameters, the centre of ABS-YSR cross-over regime therefore
always lies close to U ≈ 2∆.

4.3 Emergence of local spin polarization

We briefly discuss how local spin polarization along the x-axis arises in a model that conserves
the x-component of the total spin Stotal

x . We define an Ansatz defined in a two-orbital space
(representing impurity, d, and bath, f ) composed of an impurity local singlet (L), an inter-
orbital singlet (S) and an inter-orbital triplet (T) with Stotal

x = 0:

ψ= aLd†
↑d

†
↓ +

aSp
2

�

d†
↑ f †
↓ − d†

↓ f †
↑

�

+
aT eiφT

p
2

�

d†
↑ f †
↑ − d†

↓ f †
↓

�

, (15)

with aL , aS , aT real and satisfying normalization condition a2
L+a2

S+a2
T = 1, and a phase param-

eter φT . The relative phase between aL and aS/aT does not affect the argument, thus a single
phaseφT is sufficient in the Ansatz. A quick calculations for the local spin polarization of the d
orbital yields 〈ψ|Sd

x |ψ〉= −aSaT cosφT . The other spin components y and z are strictly zero.
We see that the local singlet is irrelevant, while the local spin polarization is generated by the
interference of inter-orbital singlet and triplet components. It is maximal for equal strength
of singlet and triplet components, aS = aT = 1/

p
2 and, this is key, for coefficients that are

in phase, φT = 0. In this case, the wavefunction factorizes as ψ = (1/2)
�

d†
↑ − d†

↓

��

f †
↑ + f †

↓

�

,
corresponding to two spins polarized in opposite directions along the x-axis. This simple pic-
ture provides the underlying intuition for understanding the local spin polarization of subgap
states due to a combination of singlet and triplet YSR components with an appropriate phase
relation.

5 Results

To obtain a qualitative picture of the general behaviour in the typical operating range, we
now perform a study using the computationally inexpensive ZBW approach, complemented
by heuristic interpretations of key observations (Secs. 5.1 to 5.5). Later, we validate these
results using the NRG calculations (Sec. 5.7). For quick reading, each section begins with a
short paragraph summarizing the main findings and key physical mechanisms.

5.1 Local-moment fraction

In this section, we use the local-moment fraction P1 = 〈n−2n↑n↓〉 to track the crossover from
ABS-like to YSR-like subgap states. The main mechanisms controlling state properties are the
competition between pairing and Coulomb repulsion, which drives the ABS–YSR crossover,
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orthogonality constraints between the two subgap states, which can force them to evolve dif-
ferently, and (near small phase bias) the influence of nearby continuum states, which can
strongly reshape the excited state.

The local-moment fraction, i.e., the probability of single-electron occupancy on the quan-
tum dot, can be used to directly characterize the subgap states. From the perspective of the
variational Ansatz, P1 corresponds to contributions from |ψL〉 and |ψR〉 (and their spin-1 equiv-
alents). This quantity evolves from 0 in the deep ABS limit to 1 in the deep YSR limit; the
change is sudden in the atomic limit (V → 0), but becomes a smooth crossover for finite V .
The crossover region is narrower for the excited state than for the ground state, but generally
they are quite similar, see Fig. 5a,b. This generalizes the findings from Ref. [35] which focused
on the ground state G in the case of a single superconductor, which corresponds to the φ→ 0
limit of the present work. For φ = 0, the excited state E merges with the continuum on the
YSR side (see Fig. 6 in Ref. [35], as well as Fig. 8a in this work). This is a peculiarity of the
φ = 0 case that maps onto a single-channel Hamiltonian. For a general phase difference φ
not too close to 0, there exist two subgap states for all values of U and V , including in the YSR
regime [33].

The lines of constant P1 in the (U , V ) plane are almost linear (Fig. 5a,b). For low V , this
follows from the variational equations (Appendix B.1) that describe linear mixing between
the ABS and YSR terms, but such behaviour is seen to extend into the intermediate coupling
regime, too. This scaling is, however, specific to P1; other quantities tend to exhibit more
complex dependencies, as will become clear in the following. We also note that the P1 = 0.5
curve, which may be considered as the centre of the cross-over region, has a slight negative
slope in the (U , V ) plane. This is in line with the observations made in Sec. 4.2.

The dependence in the (ν,τ) plane is strikingly different for the ground and the excited
state, see Fig. 5c,d. The ground state G has maximal P1 when ν is tuned near half filling,
ν= 1, and it grows slightly with increasing τ. The first observation is naturally expected, since
it directly results from the behaviour of the YSR singlets for large U , where ν very directly
tunes the average occupancy of the impurity orbital. The weak dependence on τ is only a
small correction to this general trend; in the ZBW picture, it arises because the weight of the
intermediate-energy non-interacting wavefunction on the QD orbital increases with increasing
τ (see also Fig. 4, bottom panels, orange lines).

Quite surprisingly, however, the local-moment fraction of the excited state E actually in-
creases away from ν = 1, see Fig. 5d. This can be understood from the requirement that the
two subgap states remain orthogonal to each other. On the ν < 1 side, as the ground states
becomes increasingly of pure |0〉 character with decreasing ν, at the detriment of the |1〉 and
|2〉 components, the lowest energy excited states maintaining orthogonality will need to have
a sizeable |1〉 component, since the |2〉 part is too high in energy due to the relatively large
value of the electron-electron repulsion U . Clearly, this behaviour is specific to the singular
U ∼ 2∆ cross-over region in vicinity of ν = 1; it is not relevant for low U (where the two
orthogonal states away from ν = 1 are simply of |0〉 and |2〉 type, respectively, and |1〉 is
merely a small interaction-induced correction), nor for high U (where the two subgap states
are both YSR states with well defined local moment that is screened by two different linear
combinations of Bogoliubov quasiparticles from the superconducting leads, as long as φ is not
too close to 0 [33,71]). Fig. 5d is a clear example of states in the crossover regime possessing
unconventional properties, with the excited state displaying them most prominently.

Regarding the remaining parameters from the set, the SOC λ and the phase φ, for the
ground state we find only a small variation of order 10% across the full range of φ and a tiny
dependence on λ, see Fig. 5e. For the excited state, we find moderate dependence on λ and
φ, except for the region of very small φ, see Fig. 5f: this is where the excited state would enter
the continuum in the full model, while in the ZBW approximation it mixes with a discrete state
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a) b)

c) d)

e) f )

Figure 5: Local-moment fraction, i.e., the probability of single-electron occupancy on
the quantum dot, P1 = 〈n−2n↑n↓〉, in ground (G) and excited (E) subgap states; ZBW
results. (a,b) Dependence on the electron–electron repulsion U and the hybridiza-
tion V . (c,d) Dependence on the displacement from half-filling, ν, and the relative
strength of background tunnelling through high-energy orbitals, τ. (e,f) Dependence
on the strength of spin-orbit coupling, λ, and the phase bias φ. Reference parameter
values (Sec. 2.1) are indicated by the blue markers.
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that has the character of a doublet state with an unbound Bogoliubov quasiparticle in the su-
perconductor. This results in a rapid variation and anomalous behaviour (here for φ/π≲ 0.1)
that will also be visible in other quantities presented in the following. Since the focus of this
work is in generic φ, we will not analyse these peculiarities of the small φ range.

We note the opposite trend in P1 for G and E states as regards their φ dependence, respec-
tively increasing and decreasing, compare Fig. 5e and 5f. This can be explained by the opposite
dispersion (energy vs. bias φ) of the two states: G increases with φ moving away from φ = 0,
while E decreases, see Fig. 2. Generally speaking, the vicinity to the continuum of excited
states (which are essentially the doublet states with a decoupled Bogoliubov quasiparticle)
tends to increase the single-occupancy component.

5.2 Magnetic response

In this section, we analyse the magnetic properties of the subgap states. We show that spin–
orbit coupling, phase bias, and background tunnelling induce a small triplet admixture and
spin polarization, with distinct behaviour in the ground and excited states. The main mecha-
nisms are the spinful character inherited from the YSR sector and the effective spin–orbit field,
which mixes spin components and selects a preferred spin orientation.

Since subgap states host local moment, they exhibit magnetic response. For φ ̸= 0,π, and
in the simultaneous presence of spin-orbit coupling and background tunnelling, the states are
spin-polarized in the absence of external magnetic field. The polarization occurs for essentially
the same reasons as for the the doublet states in the odd-parity subspace in Andreev spin qubit
(ASQ) devices [5]. The YSR components of states G and E simply inherit these properties.

The spin polarization 〈Sx〉 of G and E states points in the opposite directions, see Fig. 6a,b.
We plot the results in the (λ,φ) plane, as these two parameters determine the magnitude of
the polarization. The odd-parity doublets in ASQs form degenerate Kramers pairs, unless all
conditions for the spin splitting are present [43,44]; spin splitting and spin polarization occur
concurrently. The even-parity states are in general non-degenerate, however 〈Sx〉 ̸= 0 only in
the presence of the specified three conditions. Because of the “pre-existing energy splitting”,
the effective SOC field BSOC is not the same for the G and E states, see Fig. 6c,d. This quantity
is extracted by applying a weak probe field along the transverse z direction and observing the
change of direction of the spin polarization, which gives

BSOC =
〈Sx〉
〈Sz〉

Bz . (16)

The spin polarization grows monotonously with λ, see Fig. 6a,b. For the G state, the split-
ting is largest for intermediate values of φ close to π/2 (where time-reversal symmetry break-
ing is strongest) and it shifts toward φ = π as λ increases. At the special point φ = π, λ= 1/2
the variation is singular, with a direction-dependent limiting value of the spin-polarization, i.e.,
the high-symmetry point behaves as a branch-point singularity.2 For the E state, the trend as
regards the φ-dependence is, however, the opposite as for the G state: the maximum value
moves from φ ∼ π/2 towards φ = 0 as λ increases.

Interestingly, the trends seen in 〈Sx〉 are not fully reflected in the behaviour of the effective
SOC field. For the G state, the general trends in 〈Sx〉 and BSOC are similar. For the E state,
the peak in BSOC as a function of φ moves toward φ = π with increasing λ, in distinction
to the variation of 〈Sx〉. One should note that the spin polarization depends on two factors,
the size of the effective field, as shown in Fig. 6c,d, but also on P1, on which we remarked an
opposite φ dependence for G and E (see Fig. 5e,f). This P1 effect is strong enough to control
the φ-dependence of 〈Sx〉 as well.

2The singular structure in the results is not specific to ZBW, but is also present in NRG.
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a) b)

 c) d)

 e)  f )

Figure 6: Magnetic properties of the subgap states as a function of the SOC strength
λ and the phase bias φ; ZBW results. (a,b) Spin polarization along the SOC axis (x);
note the difference in signs. (c,d) Strength of the SOC effective magnetic field. (e,f)
Size of the YSR spin-triplet component quantified by 〈S2

total〉.
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For λ ̸= 0, sub-gap states acquire an admixture of high-spin components, predominantly
the YSR triplet, Eqs. (8), corresponding to a state in which the local moment on the QD aligns
with the Bogoliubov quasiparticle spin. This is quantified through 〈S2

total〉, which vanishes for
spin singlets. Fig. 6e,f reveal that the high-spin part develops with increasing λ, as expected,
with weak dependence onφ. The largest admixture of the YSR triplet is found for the state E at
low values ofφ. This is expected, since this state is closest to the Bogoliubov continuum, where
the YSR triplets are submerged in the absence of SOC. We again observe singular behaviour
in vicinity of λ= 1/2, φ = π.

5.3 Pairing properties

In this section, we analyse the pairing properties of the subgap states through the |0〉 and
|2〉 components. We show that Coulomb repulsion suppresses proximitized even-occupancy
contributions by disfavouring charge fluctuations, while particle–hole asymmetry makes the
|0〉 and |2〉 weights unequal, leading to deviations from half filling even at nominal ν= 1. The
key sources of asymmetry are background tunnelling and spin–orbit coupling.

We now focus on the |0〉 and |2〉 components associated with proximitized superconduc-
tivity. The lack of p-h symmetry implies nonequal weights of |0〉 and |2〉 parts at the nominal
half-filling point ν = 1. Fig. 7a,b shows the (U , V ) dependence of the probabilities for zero
and double occupancy, P0 and P2, in the state G. Both monotonically decrease with increas-
ing U , but not at equal rates, creating imbalance between the two components. The excited
state E shows the opposite pattern of P0 and P2 evolution, so that P0,E ∼ P2,G and P2,E ∼ P0,G
(not shown). The occupancies, 〈n〉 = P1 + 2P2, for both states deviate from 1 at the nominal
half-filling point ν = 1, see the case of 〈n〉G in Fig. 7c, but so that 〈n〉G + 〈n〉E ∼ 2 to a good
approximation (yet not exactly).

In the absence of background tunnelling and SOC, the ground-state ABS wavefunction for
low U has the form

|ψ〉G =
1
p

2

�

eiφ/4 |0〉+ e−iφ/4 |2〉
�

. (17)

We can quantify the departure from this form by computing the expectation value of the projec-
tor to this state, F = 〈Pψ〉. We furthermore take into account the emergence of single-electron
component for finite U by rescaling this quantity by Peven = P0 + P2. We present a plot of
F/Peven in Fig. 7d for state G (the case of state E is similar). This quantity has a value not
too far from 1 in a significant part of the (U , V ) plane, and even at U ∼ 2∆ we still find
F/Peven ≈ 0.9. This shows that despite the complex (U , V ) dependencies of various quantities
at low V , and despite the lack of p-h symmetry, the nature of the state in the |0〉 , |2〉 subspace
(i.e., disregarding the YSR admixture) is still essentially that of an ABS to a reasonable degree
of approximation for much of the U ≲ 2∆ range.

The line where 〈n〉G = 1 remains parametrically close to ν = 1, see Fig. 7e showing the
deviation from 1 in the (ν,τ) plane. This deviation depends significantly on the phase-bias φ
and somewhat more weakly on λ, see Fig. 7f. In particular, the system can be tuned to half
filling along a line in the (λ,φ) plane. For λ = 1/2, the system becomes p-h symmetric. For
λ close to 1/2, the deviation develops a singular structure: in most of the φ range it remains
close to 0, but then increases suddenly as φ→ π.

5.4 Energy separation

In this section, we examine when both subgap states exist within the gap and how their energy
splitting evolves. The behaviour reflects the opening of a second scattering channel at finite
phase bias, which stabilizes the excited state, the near-degeneracy around U ∼ 2∆, which
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a) b)

c)

e) f )

d)

Figure 7: Pairing properties of the state G; ZBW results. (a,b) Probability of zero oc-
cupancy, P0, and double occupancy, P2, as a function of repulsion U and hybridization
V . (c) Deviation from half-filling that results from these P0 and P2. (d) Overlap with
the conventional ABS ground-state wavefunction ψ = 1/

p
2
�

eiφ/4|0〉+ e−iφ/4|2〉
�

,
normalized by the probability of even occupancy Pe = P0 + P2. (e,f) Deviation from
half-filling vs. ν and τ, and vs. λ and φ.
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a) b)

c) d)

Figure 8: Energies of the subgap states; ZBW results. (a) Binding energy of the
excited subgap state, δE , i.e., its position below the continuum of Bogoliubov exci-
tation. Negative value indicates that the excited state is absorbed in the continuum
(corresponding to a level crossing in ZBW approximation). The red curve indicates
the locus of δE = 0. (b,c,d) Energy splitting between G and E states as a function of
different parameter pairs.

enhances the splitting, detuning away from half filling, which separates the |0〉 and |2〉 sectors,
and the enhanced symmetry near λ= 1/2,φ = π, which drives the states toward degeneracy.

Before addressing the energy separation between the states G and E, we first need to es-
tablish when both states actually exist within the gap. In the limit φ→ 0, this is the case only
in the ABS regime. The excited state merges with the continuum of Bogoliubov states close
to U ∼ 2∆, see for example Fig. 6b in Ref. [35]. For φ = 0, only a single linear combination
of Bogoliubov states from the superconductors couples to the impurity orbital, while a second
scattering channel emerges only at finite φ.3 The region where the E state does not exist is
rather small for generic parameters and confined to low values of φ in the U > 2∆ range. For
the reference values used in this work, it is restricted to φ/π≲ 0.05, see Fig. 8a (white region
enclosed within the red curve). The same plot also reveals that the E state remains rather close
to the gap edge for U ≳ 2∆.

In Fig. 8b,c,d we show the energy splitting EE − EG along three cuts in the parameter

3An arbitrary number of SC leads can be integrated out to define a single matrix-valued (Nambu) hybridization
function that can be mapped to a single Wilson chain [72, 73]. In this sense, the SC-AIM is effectively a single-
bath quantum impurity problem. Nevertheless, for a finite phase bias, the existence of the second scattering
channel [33] is encoded in the out-of-diagonal matrix elements being reduced compared to the φ = 0 limit by
a factor of cos(φ/2). In addition, in the presence of background tunnelling τ, the hybridization matrix encodes
sub-gap δ-peak contributions corresponding to additional in-gap states [47].
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space: (U , V ) plane, (ν,τ) plane, and (λ,φ) plane for panels b,c,d, respectively. The splitting
monotonously grows with V , with the largest splitting for a given value of V occurring for
U ∼ 2∆ (see panel b): this directly reflects that fact that this region is controlled by the sin-
gularity associated with increased state degeneracy [35], with two ABS states being resonant
with the divergently dense Bogoliubov states at the band edge, a feature that is captured at
qualitative level even within the ZBW approximation [74]. The splitting grows as one moves
away from half filling (ν = 1), since detuning enhances the energy difference beyond that
induced by the proximity effect alone by altering the relative weights of the |0〉 and |2〉 com-
ponents (see panel c). At the chosen reference point, the background tunnelling ratio τ has
little effect on the energetics. Finally, the plot in panel d directly reveals the approach to the
degeneracy point EG = EE at λ= 1/2,φ = π due to the enhanced symmetry.

5.5 Transition matrix elements

In this section, we analyse transitions between the subgap states in the charge, spin, and
current channels. We show that the corresponding matrix elements have distinct parame-
ter dependences because they probe different aspects of the evolving subgap-state character.
Charge transitions weaken toward the YSR regime, spin transitions grow with the emergence
of spin polarization, and inductive transitions track the phase dispersion and level splitting of
the states.

Fig. 9a shows the expected trend towards insensitivity to gate-potential driven transitions
as the system moves from the ABS to the YSR regime; this plot simply reflects the growth of
single electron occupancy quantified by P1,G and P1,E and thus strongly resembles Fig. 5a,b.
Correspondingly, Fig. 9c shows how spin transitions become possible for strong enough inter-
action U . This crossover in spin channel is more abrupt than the one in the charge channel.
This can be ascribed to the properties of the state E: the expectation value 〈Sx〉E shows a
similar threshold behaviour as a function of U , whereas 〈Sx〉G shows a smoother evolution
(plots not shown). We note again that in the absence of SOC, background tunnelling, or fi-
nite φ, this matrix element would be zero. Fig. 9e shows how for inductive transitions (flux
driving [20, 75–77]) the evolution in the (U , V ) plane reflects the dispersion of states which
becomes larger as V increases, especially in the U ≈ 2∆ range; since strong dispersion also
implies large level separation, this plot resembles that of EE − EG in Fig. 8b.

Fig. 9b,d,f reveal that charge transitions are strong for intermediate values ofφ ∼ π/2 with
only a weak λ-dependence that slightly favours small SOC, magnetic transitions are favoured
by strong SOC and phase bias close to π, while inductive transitions are favoured by weaker
SOC and phase bias close to π. It should be noted that for φ = π the charge transitions are
forbidden. This is because |G〉 has only |0〉 component, while |E〉 has only |2〉 component in
this limit, which occurs at φ = π as a result of cancellation of induced pairing on the QD dot
site, thus any finite τ (or ν ̸= 1) will split the degenerate subgap states into unmixed |0〉 and
|2〉. At φ = π, the relative strength of spin and inductive transitions depends on λ. Similarly,
one can find parameter choices where either spin or inductive transitions become negligible.
Finally, there are clearly regimes where all three couplings are large. These tuning capabilities
might be of interest, for example, for applications in quantum transduction.

5.6 Distinct crossovers of two subgap states

In this section, we analyse how detuning affects ABS- and YSR-like states differently. By un-
balancing the |0〉 and |2〉 components, it strongly shifts ABS-like states, while YSR-like states,
dominated by single occupancy, are affected much less. This creates an intermediate region
in which G and E have different character, with clear consequences for the level response and
transition matrix elements.
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a) b)

c) d)

e) f )

Figure 9: Matrix elements for transitions between states G and E for the QD charge
operator n, the QD spin operator Sx , and the Josephson supercurrent, here defined as
the dimensionless quantity js = 〈∂ H/∂ φ〉/∆; ZBW results. (a,c,e) Dependence on
the repulsion U and the hybridization V . (b,d,f) Dependence on the SOC parameter
λ and the phase bias φ.
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Figure 10: Probability of single (a, b), and zero/double dot level occupancy (c, d)
in the G (solid) and E (dashed) states. Coupling strength is V/∆ = 0.1, other pa-
rameters take reference values. Sufficiently away from half-filling (b,d), states are
completely polarized, and the crossover between ABS and YSR regimes occurs at dif-
ferent values of U . The dimensionless parameter δ = ν− 1 quantifies the deviation
from the particle-hole symmetry.

Away from half filling, G and E states change their character from ABS-like to YSR-like at
different values of U . This happens because for ν ̸= 1, either zero or double occupancy of the
dot level is preferred, thus the energy balance of the ABS states will change significantly as ν
is tuned away from 1 because they will have unequal |0〉 and |2〉 compositions, whereas the
subgap states in the YSR regime that favour single occupancy will experience much smaller
energy shifts. This implies that there is a range of U values in vicinity of U = 2∆ where the E
and G states will have dissimilar characters (G will be ABS-like and E will be YSR-like), which
has implications for inter-level transitions.

In Fig. 10 we first compare the U-dependence of the local-moment fraction P1, as well as the
zero and double occupancy probabilities P0 and P2, for δ = 0 and δ ̸= 0, where δ = ν−1. For
δ ̸= 0, the excited state becomes YSR-like at significantly lower value of U , as a consequence
of the large charge polarization (P0/P2 imbalance), see Fig 10d.

The difference of character of G and E states is the most pronounced at small values of
V , when the crossover is more sudden for both states and the region in which the states have
mixed character is narrower. In Fig. 11, we identify the existence and quantify the width of
this region via ∆P1(U) = P1,E(U)− P1,G(U). In Fig 11a, we show the maximum deviation4 of
the local-moment fraction as a function of δ = ν− 1 and V . Not surprisingly, ∆P1 increases
with increasing δ. Furthermore, at large values of V , max∆P1(U) < 1, since the crossover is
more gradual, and both states have mixed character in the region of interest. We also show
the full width at half maximum of ∆P1, which increases both with δ and V . The latter trend
should be taken with a grain of salt, as at large V , gradual transition between ABS and YSR
regimes destroys the distinction in the nature of G and E states.

4Here, P1 is treated as a function of U only. The dependence on other parameters is weak, and they are consid-
ered constant when maxima and FWHM are considered.
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Figure 11: Characterisation of the difference in local moment fractions of E and G
states, ∆P1(U) = P1,E(U)− P1,G(U), as function of V and δ. Other parameters are
considered constant and take the reference values. a) Maximum value of∆P1(U) (i.e.
strongest difference of ABS vs. YSR character), and b) Full width at half maximum
of ∆P1(U) (i.e., the width of the region where E and G have different character).

The consequences of the distinct crossovers are shown in Fig. 12. At large values of δ, the
matrix elements of the charge operator vanishes in the ABS region due to (nearly) total charge-
polarization of the states. In the intermediate region, the same matrix elements are suppressed
because of the different natures of G and E. For the same reason, matrix elements of jS and
Sx show different behaviour far away from nominal half-filling (δU = 0.25∆). Finally, when
∆P1(U) is high, the response to external magnetic fields of E can be significant, while G can
remain more or less insensitive (see Fig. 12a).

5.7 NRG validation

In this section, we compare the ZBW results with NRG calculations for the full continuum
model. We show that ZBW captures the main qualitative features of the ABS–YSR crossover
because much of the relevant physics is controlled by local charge and occupancy effects

While NRG calculations for the full model with SOC and two SC leads with a phase bias
are numerically very costly, we have been able to perform a systematic study that supports the
qualitative correctness of the results obtained using the ZBW approximation in the proceeding
subsections. Because the superconductors are now described using continuum Hamiltonians,
the hybridization and background tunnelling terms are defined differently: the hybridization
will be expressed in terms of the hybridisation strength Γ = 2πρV 2, where ρ is the normal-
state density of states of each lead, while the background tunnelling will be quantified through
τ′ defined as V (D) = τ′

p
ΓD, where D is the half-bandwidth of the bath. Other parameters are

defined as before and we used the same values as in the reference parameter set for the ZBW
approximation in the earlier sections.

In Fig. 13 we plot the U-dependence of key quantities. This calculation is performed for
intermediately strong coupling Γ = 0.1∆; this value is typical of hybrid nanowire devices [78].
The local-moment fraction P1 evolves from values close to 0 to values close to 1 as the system
evolves from the ABS to YSR regime (panel a); as in Fig. 5(a,b) we find that the state E
crosses over faster than state G. The projectors P0,G and P2,G (panel b) also generally follow the
behaviour seen for the ZBW in Fig. 7(a,b). Likewise, the occupancy in state G is suppressed for
U ≲ 2∆, with a local minimum at U ≈ 1.5∆ (panel c), similar to what is seen in Fig. 7(c); the
state E shows increased local occupancy in this range. The spin polarization (panel d) increases
for U ∼ 2∆ and it peaks somewhere in the U > 2∆ range; this is particularly pronounced for
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Figure 12: Consequences of distinct crossover regions of G and E states. a) Energy
of G (solid lines) and E (dashed lines) at (non)zero external magnetic field. For
values of U on the plot, E has significantly higher P1 resulting in high effective g
factor (stronger splitting) relative to G. (b), (c), (d) Transition matrix elements for
operators jS , n and Sx . At large δ different characters of G and E result in qualita-
tively different behaviour of transition matrix elements around U = 2∆. In all plots,
V = 0.1∆, and in (a) δU = 0.15∆.

the state E. The same behaviour is found in the ZBW model (results not shown). From the
energy positions with respect to the ground state (panel e) we read off that the maximum
level separation occurs for U ≳ 2∆, in agreement with Fig. 8(b). Finally, the matrix elements
(panel f) show the same trends as the ZBW prediction in Fig. 9(a,c,e).

In Figs. 14 we address the SOC dependence. We find the same trends as in ZBW, compare
with Figs. 6(a,b), 8(d) and 9(b,d,f), down to certain details, for example |〈G|n|e〉| first being
relatively flat, and then increasing, which is indeed the behaviour seen in ZBW model in the
same range of φ.

In Fig. 15 we show P1,G in the (U ,
p
Γ ) plane for the single-channel (φ,τ= 0) case with no

SOC, λ= 0. By comparing the results with Fig. 5, we conclude that the qualitative behaviour
in the (U ,

p
Γ ) plane can be correctly captured by the ZBW approximation. Most features from

Fig. 15 extend to the general two-channel case.
In Fig. 16 we plot phase-bias dependences for a range of λ that also includes some values

close to λ∗ = 1/2. Particularly noteworthy are the results for the occupancy, nG , whose drop
to small values becomes particularly sharp as λ → λ∗. This explains anomalies seen in all
other quantities, for instance the drop in spin polarization and matrix element for the charge
operator.

Finally, we return to the gate-voltage dependence of the local-moment fraction P1, where
we remarked unusual behaviour for the state E. We systematically investigated this quantity
for a range of U/∆ ratios, see Fig. 17. The results show that in a range of U/∆ spanning
the ABS-YSR crossover region this quantity has a minimum value in vicinity of ν = 1, where
a maximum value is generally expected for low-energy states. This minimum becomes well
developed with increasing U as soon as P1 starts to become appreciable, for U/∆ ∼ 1. It
fades away deeper in the YSR regime; it is hardly visible at U/∆ ∼ 5. This is thus indeed a
particularity of the cross-over region.
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Figure 13: NRG results: U-dependence of key properties for Γ/∆ = 0.1, ν = 1,
φ = 0.75π, λ= 0.3, and τ′ = 3.
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Figure 14: NRG results: λ-dependence for U/∆ = 2, Γ/∆ = 0.2, ν = 1, φ = 0.75π,
and τ′ = 3.

Taken together, these results establish that the ZBW correctly reproduces all key features
of the ABS-YSR crossover at the qualitative level. This is due to charge physics and level oc-
cupancies being controlled by the high energy scales and local effects, which are captured
adequately even by truncated-basis models. Nevertheless, we note that the use of the NRG
is essential both in obtaining quantitatively correct results, and in capturing all qualitative
features of the model. Since the continuum effects are not included, phenomena like the
anomalous Γ 2/3 scaling of binding energies [35] cannot be produced within the ZBW frame-
work. In such cases, either NRG or a variational calculation (see Appendix B and Ref. [35]) is
required.
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filling, ν = 1, and no SOC, λ = 0. The single-channel case is shown, corresponding
to τ,φ = 0. Lines of constant P1,G are almost linear in the range shown, qualitatively
matching the ZBW results (see Fig. 6).
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Figure 16: NRG results: φ-dependence for U/∆ = 2, Γ/∆ = 0.1, ν = 1, λ = 0.3,
and τ′ = 3.
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Figure 17: NRG results: ν-dependence of the local-moment fraction P1 in the excited
state E for a range of U/∆, showing a minimum for ν ∼ 1 in the cross-over range
U/∆∼ 2. Other parameters are fixed: Γ/∆= 0.1, φ = 0.75π, λ= 0.3, and τ′ = 3.

6 Experimental observability and design implications

The reference parameter set is broadly consistent with typical values for InAs/Al nanowires
embedded in transmon circuits in Refs. [4–6]. Our results therefore constitute a prediction of
physical effects that could, in principle, be observed in the same or similar devices, provided
the system is initialized in the even-parity subspace. In such devices, transitions can be driven
in two ways: via microwave excitation through the feedline, or by direct modulation of the QD
gate [5]. Feedline-driven excitations couple to matrix elements of the Josephson current, i.e.
to phase-dependent transitions, while gate driving can act through several channels, including
spin via electric-dipole spin resonance (EDSR) [79–82]. At present, however, the relative
importance of these mechanisms remains unclear. Further controlled experiments, combined
with detailed theoretical modelling, could help identify the relevant processes.

To experimentally distinguish between ABS and YSR states, and detect the ABS-YSR mixing
effects in the intermediate region, one should measure the local charge susceptibility (quantum
capacitance). This is possible using RF reflectometry in dispersive gate-sensing configuration
[57,60].

The results presented in the previous section also have some clear design implications.
In particular, for qubits optimized for charge coupling with minimal magnetic sensitivity, it
is crucial to remain in the ABS-dominated regime with U ≪ 2∆, with small or moderate λ.
For devices aiming to exploit spin-selective transitions, the crossover regime U ≈ 2∆ with
moderate λ and τ is optimal. In fact, device platforms that are suitable for building ASQs
would also be appropriate for these applications. It should be noted, of course, that in this
parameter regime, the overall ground state of the system is in the odd-parity sector (spin-
doublet). A long parity lifetime is thus required.
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7 Conclusion

We have studied the superconducting Anderson impurity model for an interacting quantum
dot Josephson junction with spin-orbit coupling. We uncovered some noteworthy properties:
1) mixing of ABS and YSR leads to properties that are not typical for pure charge qubit states,
because the even-parity states carry local moments; 2) in the presence of SOC, both subgap
states are spin polarized in the absence of magnetic field; 3) matrix elements are large in
charge (capacitive), spin (magnetic), and current (inductive) channels, with the possibility of
tuning the relative values.

An important next step is to extend this analysis to the multi-orbital junctions with sev-
eral “active” levels, which are directly relevant for devices exhibiting several ABS pairs in the
relevant frequency window.
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A Estimate of interlead hopping parameter V(D)

The effective direct tunneling between the superconducting leads originates from higher-
energy inactive orbitals of the quantum dot. The amplitude V (D) can be estimated using
second-order perturbation theory [5]:

V (D) ≈
∑

i

|Vi|2

δi
, (A.1)

where δi = Ei − ε0 is the energy of the i-th orbital, measured from the energy of the active
channel, and Vi is the tunneling amplitude from the leads (assumed equal for L and R) to the
orbital in question. To estimate V (D), we assume Vi = V , neglect spin-flip processes, and model
the QD as a particle in a box. The direct-hopping amplitude is then approximated as:

V (D) =
|V |2

εb

∑

nx ,ny ,nz ̸=(1,1,1)

1
n2

x + n2
y + n2

z − 3
, (A.2)

where εb = ħh2π2/2m∗L2, and the 3 comes from the energy of the ground state. We assume
cubic geometry with side L ≈ 100nm and take m∗ = 0.023me, the effective mass of electrons
in bulk InAs, which yields εb ≈ 1.6meV. The sum in Eq. (A.2) does not converge, so we chose
a cut-off at nx ,y,z ≤ 15 that corresponds to the factor ∼ 20. The cut-off is chosen so that
the energy of the highest level taken into account (nx = ny = nz = 5) has a value ∼ 1eV,
comparable to the bandwidth of the conduction band in InAs. Finally, taking the reference
value V = 0.2∆ ≈ 0.05meV, we arrive at the estimate τ ≈ 0.7, close to the chosen value for
the reference set (0.4). The actual magnitude of τ will of course strongly depend on many
factors, such as the specific shape of the dot, and the concrete values of tunneling amplitudes
for each channel. Therefore, the value obtained here should be understood as a rough estimate
of the order of τ, and the main takeaway of this calculation is that V (D) can be comparable to V ,
even when level separation of dot orbitals is the largest energy scale in the problem (εb > 5∆).
We also note that an interorbital Hartree term would lead to an additional correlated direct
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hopping term in the effective Hamiltonian. However, quantitative details related to these
mechanisms are beyond the scope of this work.

B Variational approach

B.1 Variational equations for conventional quantum-dot Josephson junction

We first consider the conventional quantum-dot Josephson junction problem with no SOC
(λ= 0) and no direct tunneling (τ= 0). To make contact with our previous work on the single-
channel impurity problem [35], in the first step we address the half-filling case (ν= 1). Making
use of symmetry, we will reduce the minimization problem to a single simple transcendental
equation for the energy similar to that in the single-channel case.

The Bogoliubov quasiparticle operators in the Ansatz from Sec. 3.3 are defined as

γlk↑ = ulkclk↑ − vlkc†
l−k↓ ,

γ†
l−k↓ = v∗lkclk↑ + u∗lkc†

l−k↓ ,

with symmetric phases in the BCS coherence factors to simplify subsequent expressions:

ulk = e−iφl/2

√

√1
2

�

1+
εk

Ek

�

,

vlk = eiφl/2

√

√1
2

�

1−
εk

Ek

�

.

Here, Ek =
q

∆2 + ε2
k is the dispersion of Bogoliubons. We choose a symmetric gauge

φR = −φL = φ/2.
Minimization of the functional f ≡ 〈Ψ|H|Ψ〉 − ε 〈Ψ|Ψ〉 yields the following variational

equations for the singlet-state energy ε:

�

ε−
U
2

�

a± =
V (N)Lp

N

∑

k

αLk(v
∗
Lk ± u∗Lk) +

V (N)Rp
N

∑

k

αRk(v
∗
Rk ± u∗Rk) , (B.1)

(ε− ELk)αLk =
V (N)Lp

N
a+(vLk + uLk) +

V (N)Lp
N

a−(vLk − uLk)

+
V (N)Lp

N

∑

k′
(u∗Lk′ − v∗Lk′)β

+
LLkk′ +

V (N)Lp
N

∑

k′
(u∗Lk′ + v∗Lk′)β

−
LLkk′

+
V (N)Rp

2N

∑

k′
(u∗Rk′ − v∗Rk′)β

+
LRkk′ +

V (N)Rp
2N

∑

k′
(u∗Rk′ + v∗Rk′)β

−
LRkk′ , (B.2)

(ε− ERk)αRk =
V (N)Rp

N
a+(vRk + uRk) +

V (N)Rp
N

a−(vRk − uRk)

+
V (N)Rp

N

∑

k′
(u∗Rk′ − v∗Rk′)β

+
RRkk′ +

V (N)Rp
N

∑

k′
(u∗Rk′ + v∗Rk′)β

−
RRkk′

+
V (N)Lp

2N

∑

k′
(u∗Lk′ − v∗Lk′)β

+
LRk′k +

V (N)Lp
2N

∑

k′
(u∗Lk′ + v∗Lk′)β

−
LRk′k , (B.3)
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�

ε−
U
2
− (Elk + Elk′)
�

β±l lkk′ =
V (N)l

2
p

N
αlk(ulk′ ∓ vlk′) +

V (N)l

2
p

N
(ulk ∓ vlk)αlk′ , (B.4)

�

ε−
U
2
− (ELk + ERk′)
�

β±LRkk′ =
V (N)Rp

2N
αLk(uRk′ ∓ vRk′) +

V (N)Lp
2N
(uLk ∓ vLk)αRk′ . (B.5)

By substituting the variational coefficients a± and β from Eqs. (B.1),(B.4), (B.5) we can
obtain equations for αLk,αRk alone. To simplify notation, we switch to continuous energy
domain (εk → x), and assume constant density of states ρ = 1/2D. We introduce functions
sl(x) = vl(x) + ul(x) and al(x) = vl(x) − ul(x) for (anti)symmetric linear combination of
coherence factors. We set V (N)L = V (N)R ≡ V and define the total hybridization strength as
Γ = 2πρV 2.

The functions sl(x) are even with respect to the η symmetry: sR(−x) = sL(x), while al(x)
are odd: aR(−x) = −aL(x). The transformation acts on the coherence factors by inverting the
energy (x → −x) and changing the label L to R and vice-versa. The symmetry relations are
hence a direct consequence of vl(x) = ul(−x) and φL = −φR. In practice, the symmetry can
be utilized to reduce the system to separate equations for η-even and η-odd functions

αe(x) = αL(x) +αR(−x) (B.6)

and
αo(x) = αL(x)−αR(−x) . (B.7)

As in Ref. [35] we introduce the function N1(x) = ε− E(x)− (Γ/π)I2(x ,ε) with the leading
two-QP energy contribution

I2(x ,ε) =

∫

dx ′

ε− U/2− (E(x) + E(x ′))
,

as well as N2(x , x ′) = ε− U/2−
�

E(x) + E(x ′)
�

. Finally, we define the integrals

Ce =

∫

s∗L(y)αe(y)dy , Co =

∫

a∗L(y)αo(y)dy . (B.8)

The resulting equations can now be written as

N1(x)αe(x) =
Γ

π
sL(x)

Ce

ε− U/2
+
Γ

2π
sL(x)

∫

αe(x ′)s∗L(x
′)dx ′

N2(x , x ′)
, (B.9)

N1(x)αo(x) =
Γ

π
aL(x)

Co

ε− U/2
+
Γ

2π
aL(x)

∫

αo(x ′)a∗L(x
′)dx ′

N2(x , x ′)
. (B.10)

In the following, we drop the subleading terms that correspond to small quantitative correc-
tions which do not significantly affect the range of validity of the variational solution [35],
and the equations reduce to

N1(x)αe(x) =
Γ sL(x)Ce

2π(ε− U/2)
, (B.11)

N1(x)αo(x) =
Γ aL(x)Co

2π(ε− U/2)
. (B.12)
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Figure 18: Variational estimates of the subgap energies for a range of Γ and U .
The η-even (η-odd) variational solution is shown with a solid blue (red) line. The
corresponding NRG data (dots) is shown as a reference. In the NRG calculations,
we used the discretization parameter Λ = 8, and z-averaging over four values
(z = 0.25, 0.5,0.75, 1).

For the η-even case, we multiply the expression with s∗L(x), integrate with respect to x ,
and make use of |sL(x)|2 = 1+2|u(x)||v(x)| cos(ϕ/2) to get a transcendental equation for the
energy of the even state:

εe = U/2+
Γ

π

∫

dx
1+ 2|u(x)||v(x)| cos (ϕ/2)
εe − E(x)− (Γ/π)I2(x ,εe)

. (B.13)

Note the correspondence of this equation with Eq. (26) in Ref. [35], up to the cos(φ/2) factor.
This is the same factor that appears in the anomalous part of the hybridization function for the
corresponding quantum impurity problem. Similar procedure with αo leads to the equation
for the η-odd state:

εo = U/2+
Γ

π

∫

dx
1− 2|u(x)||v(x)| cos (ϕ/2)
εo − E(x)− (Γ/π)I2(x ,εo)

. (B.14)

The roots of these eigenvalue equations can be obtained numerically. From previous work
we know that they correctly capture all spectral features in the low-Γ regime, including the
anomalous Γ 2/3 scaling [35]. In Fig. 18 we compare the variational solutions with the NRG
data, finding good agreement at low to intermediate values of the hybridization strength Γ .
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B.2 Away from half filling

We proceed by generalizing the variational solution to the case with no p-h symmetry (still
assuming no SOC and no direct tunneling). First, we write the Hamiltonian as a sum of the
p-h symmetric and antisymmetric terms:

H = Hs +Ha . (B.15)

We parametrize the deviation from the p-h symmetric point as ν = 1+ δ and write (up to a
constant):

Ha = −Uδ
∑

σ

�

nσ −
1
2

�

. (B.16)

Non-zero δ results in additional terms in the variational equations.

B.1 += a∓Uδ ,

B.2 += 0 ,

B.3 += 0 ,

B.4 += β∓l lkk′Uδ ,

B.5 += β∓LRkk′Uδ .

(B.17)

These terms break the η-symmetry and result in coupling between the subgap states from
differentη-parity sectors. In practice, this means that variational solutions cannot be expressed
in terms of two separate eigenvalue equations like in Eqs. (B.13), (B.14), but rather as solutions
to a 2× 2 non-linear eigenvalue problem. The eigenvalue equations this becomes

N1δ(x)αe(x) =
Γ

π

2Ce(U − 2ε) + 4CoUδ
−Uδ

sL(x) (B.18)

+
Γ

2π

�∫

s∗L(x
′)N2(x , x ′)αe(x ′)dx ′

N2(x , x ′)2 − U2δ2
+ Uδ

∫

a∗L(x
′)αo(x ′)dx ′

N2(x , x ′)2 − U2δ2

�

sL(x) ,

N1δ(x)αo(x) =
Γ

π

2Co(U − 2ε) + 4CeUδ
−Uδ

aL(x) (B.19)

+
Γ

2π

�∫

a∗L(x
′)N2(x , x ′)αo(x ′)dx ′

N2(x , x ′)2 − U2δ2
+ Uδ

∫

s∗L(x
′)αe(x ′)dx ′

N2(x , x ′)2 − U2δ2

�

aL(x) ,

Here

N1δ(x) = ε− E(x)− (Γ/π)I2δ(x ,ε) ,

I2δ(x ,ε) =

∫

N2(x , x ′)dx ′

N2(x , x ′)2 − U2δ2
,

N2(x , x ′) = ε− U/2−
�

E(x) + E(x ′)
�

,

Uδ = (U − 2ε)2 − 4U2δ2 = (U − 2ε− 2Uδ)(U − 2ε+ 2Uδ) .

(B.20)

In the δ→0 limit, the auxiliary quantities behave as N1δ→N1, I2δ→ I2, and Uδ→(U−2ε)2,
the two equations decouple into separate equations for the η-even and η-odd sectors, and we
recover the known expressions previously found for the p-h symmetric case. We also note that
in this limit, Uδ behaves for small Γ as Uδ ∼ (U − 2∆)2 on the YSR side (U > 2∆), and as
Uδ ∼ (gABS/π)2Γ 2 on the ABS side (U < 2∆), with gABS=4

p

−(2+ θ )/θ arctan
p

−(2+ θ )/θ
with the parameter θ defined as U = 2∆(1+ θ ) [35].
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For finite δ, we drop the two-QP contributions (they represent only a small correction),
and find compact equations:

Ce =
2Ce(U − 2ε) + 4CoUδ

−Uδ
ΓKe , (B.21)

Co =
2Co(U − 2ε) + 4CeUδ

−Uδ
ΓKo , (B.22)

with

Ke =
1
π

∫

dx
1+ 2|u(x)||v(x)| cos (ϕ/2)
ε− E(x)− (Γ/π)I2δ(x ,ε)

, (B.23)

Ko =
1
π

∫

dx
1− 2|u(x)||v(x)| cos (ϕ/2)
ε− E(x)− (Γ/π)I2δ(x ,ε)

. (B.24)

The characteristic equation of the eigenvalue problem is

[2ΓKe (U − 2ε) + Uδ] [2ΓKo (U − 2ε) + Uδ]− 16Γ 2KeKoU2δ2 = 0 , (B.25)

or, making use of the definition of Uδ,

(ε− U/2− ΓKe) (ε− U/2− ΓKo) = U2δ2 . (B.26)

The roots are
ε=

U
2
+
Γ

2

�

Ke + Ko ±
Æ

Γ 2(Ke − Ko)2 + 4U2δ2
�

. (B.27)

For small δ, this becomes

ε=
U
2
+ ΓKe/o +

U2δ2

Γ (Ke/o − Ko/e)
. (B.28)

We note that the eigenvalue ε appears in I2δ and thus in Ke and Ko. For each eigenvalue,
the implicit equation for ε can be solved numerically by iteration, as in the single-channel
case [35].

B.3 Spin-orbit coupling

We now consider the spin-flip tunneling terms. The equations for the singlet terms are ex-
tended as follows:

B.1 +=
V (SF)

Lp
N

∑

k

αT
Lk

�

v∗Lk ± u∗Lk

�

+
V (SF)

Rp
N

∑

k

αT
Rk

�

v∗Rk ± u∗Rk

�

, (B.29)

B.2 += −i
V (SF)

Lp
N

∑

k′

�

u∗Lk′ − v∗Lk′
�

ξ+LLkk′ − i
V (SF)

Lp
N

∑

k′

�

u∗Lk′ + v∗Lk′
�

ξ−LLkk′

+ i
V (SF)

Rp
2N

∑

k′

�

u∗Rk′ − v∗Rk′
�

ξ+LRkk′ + i
V (SF)

Rp
2N

∑

k′

�

u∗Rk′ + v∗Rk′
�

ξ−LRkk′ , (B.30)

B.3 += i
V (SF)

Rp
N

∑

k′

�

u∗Rk′ − v∗Rk′
�

ξ+RRkk′ + i
V (SF)

Rp
N

∑

k′

�

u∗Rk′ + v∗Rk′
�

ξ−RRkk′

+ i
V (SF)

Lp
2N

∑

k′

�

u∗Lk′ − v∗Lk′
�

ξ+LRk′k + i
V (SF)

Lp
2N

∑

k′

�

u∗Lk′ + v∗Lk′
�

ξ−LRk′k , (B.31)

B.4 +=
V (SF)

l

2
p

N
αT

lk (ulk′ ∓ vlk′) +
V (SF)

l

2
p

N
αT

lk′ (ulk ∓ vlk) , (B.32)

B.5 += −
V (SF)

Rp
2N
αT

Lk (uRk′ ∓ vRk′)−
V (SF)

Lp
2N
αT

Rk′ (uLk ∓ vLk) . (B.33)
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The new equations for the triplet terms are

(ε− ELk)α
T
Lk =

V (SF)
Lp
N

a+ (vLk + uLk) +
V (SF)

Lp
N

a− (vLk − uLk)

+ i
V (N)Lp

N

∑

k′

�

u∗Lk′ − v∗Lk′
�

ξ+LLkk′ + i
V (N)Lp

N

∑

k′

�

u∗Lk′ + v∗Lk′
�

ξ−LLkk′

+ i
V (N)Rp

2N

∑

k′

�

u∗Rk′ − v∗Rk′
�

ξ+LRkk′ + i
V (N)Rp

2N

∑

k′

�

u∗Rk′ + v∗Rk′
�

ξ−LRkk′

+
V (SF)

Lp
N

∑

k′

�

u∗Lk′ − v∗Lk′
�

β+LLkk′ +
V (SF)

Lp
N

∑

k′

�

u∗Lk′ + v∗Lk′
�

β−LLkk′

−
V (SF)

Rp
2N

∑

k′

�

u∗Rk′ − v∗Rk′
�

β+LRkk′ −
V (SF)

Rp
2N

∑

k′

�

u∗Rk′ + v∗Rk′
�

β−LRkk′ ,

(B.34)

(ε− ERk)α
T
Rk =

V (SF)
Rp

N
a+ (vRk + uRk) +

V (SF)
Rp

N
a− (vRk − uRk)

− i
V (N)Rp

N

∑

k′

�

u∗Rk′ − v∗Rk′
�

ξ+RRkk′ − i
V (N)Rp

N

∑

k′

�

u∗Rk′ + v∗Rk′
�

ξ−RRkk′

+ i
V (N)Lp

2N

∑

k′

�

u∗Lk′ − v∗Lk′
�

ξ+LRk′k + i
V (N)Lp

2N

∑

k′

�

u∗Lk′ + v∗Lk′
�

ξ−LRk′k

+
V (SF)

Rp
N

∑

k′

�

u∗Rk′ − v∗Rk′
�

β+RRkk′ +
V (SF)

Rp
N

∑

k′

�

u∗Rk′ + v∗Rk′
�

β−RRkk′

−
V (SF)

Lp
2N

∑

k′

�

u∗Lk′ − v∗Lk′
�

β+LRk′k −
V (SF)

Lp
2N

∑

k′

�

u∗Lk′ + v∗Lk′
�

β−LRk′k ,

(B.35)

�

ε−
U
2
− (ELk + ELk′)
�

ξ±LLkk′ = −i
V (N)L

2
p

N
αT

Lk (uLk′ ∓ vLk′) + i
V (N)L

2
p

N
αT

Lk′ (uLk ∓ vLk)

+ i
V (SF)

L

2
p

N
αLk (uLk′ ∓ vLk′)− i

V (SF)
L

2
p

N
αLk′ (uLk ∓ vLk)

+ Uδξ∓LLkk′ ,

(B.36)

�

ε−
U
2
− (ERk + ERk′)
�

ξ±RRkk′ = +i
V (N)R

2
p

N
αT

Rk (uRk′ ∓ vRk′)− i
V (N)R

2
p

N
αT

Rk′ (uRk ∓ vRk)

− i
V (SF)

R

2
p

N
αRk (uRk′ ∓ vRk′) + i

V (SF)
R

2
p

N
αRk′ (uRk ∓ vLk)

+ Uδξ∓RRkk′ ,

(B.37)

�

ε−
U
2
− (ELk + ERk′)
�

ξ±LRkk′ = −i
V (N)Lp

2N
αT

Rk′ (uLk ∓ vLk)− i
V (N)Rp

2N
αT

Lk (uRk′ ∓ vRk′)

− i
V (SF)

Lp
2N
αRk′ (uLk ∓ vLk)− i

V (SF)
Rp
2N
αLk (uRk′ ∓ vRk′)

+ Uδξ∓LRkk′ .

(B.38)
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The set of equations can be reduced to four equations for αL,R and αT
L,R by substituting coeffi-

cients a±, as well as β and ξ functions. Dropping the 2QP corrections,5 we find

N1δ(x)αe(x) = 4V
(CeV + C T

e V (SF))(U − 2ε) + 2Uδ(CoV + C T
o V (SF))

−Uδ
sL(x) , (B.39)

N1δ(x)αo(x) = 4V
(CoV + C T

o V (SF))(U − 2ε) + 2Uδ(CeV + C T
e V (SF))

−Uδ
aL(x) , (B.40)

N1δ(x)α
T
e (x) = 4V (SF) (CeV + C T

e V (SF))(U − 2ε) + 2Uδ(CoV + C T
o V (SF))

−Uδ
sL(x) , (B.41)

N1δ(x)α
T
o (x) = 4V (SF) (CoV + C T

o V (SF))(U − 2ε) + 2Uδ(CeV + C T
e V (SF))

−Uδ
aL(x) . (B.42)

Here N1δ(x ,ε) = ε− E(x)−ΓT I2δ(x ,ε), where now ΓT is the total hybridisation strength, with
contributions from both spin-conserving and spin-flipping processes:

ΓT =
�

2V 2 + 2(V (SF))2
�

πρ . (B.43)

We have also introduced

C T
e =

∫

s∗L(y)α
T
e (y)dy , C T

o =

∫

a∗L(y)α
T
o (y)dy . (B.44)

One then derives a characteristic equation for this 4× 4 eigenvalue problem, which turns
out to take a very simple form:

(ε− U/2− ΓT Ke) (ε− U/2− ΓT Ko) = U2δ2 . (B.45)

The expression has the same structure as in the absence of SOC, which implies that the sin-
glet and triplet channels are basically decoupled and their effects are additive. This is more
clearly seen by considering Eqs. (B.39)-(B.42) for the p-h symmetric case, in the limit δ→ 0.
Since SOC does not break the η-symmetry, eigenenergy in each of the sectors is given by a
single transcendental equation analogous to Eqs. (B.13) and (B.14). For the even sector, the
minimization equations reduce to

(ε− U/2)αe(x) = 2V
�

CeV + C T
e V (SF)
� sL(x)

N1(x)
, (B.46)

(ε− U/2)αT
e (x) = 2V (SF)
�

CeV + C T
e V (SF)
� sL(x)

N1(x)
. (B.47)

By summing Eq. (B.46) weighted by V and Eq. (B.47) weighted by V (SF), multiplying both
sides of the resulting expression by s∗L(x), integrating and cancelling the common factor, one
finds an equation of the same form as Eq. (B.13), but involving the total hybridization strength
ΓT . The same holds in the odd η-parity case.

More generally, even when δ ̸= 0, Eq. (B.39) and Eq. (B.41) have the same complex coef-
ficients, and αe and αT

e have the same complex phase. The same holds for αo and αT
o . Singlet

and triplet coefficients are thus in phase, therefore according to the general considerations
from Sec. 4.3, there is no local spin polarization on the QD site, even if a spin-triplet compo-
nent is present. In order to have finite 〈Sx〉, it is thus necessary to break the phase relation by
including a direct hopping term (i.e. background tunneling processes).

5The 2QP corrections due to spin-flip processes are obtained by taking the expressions for 2QP corrections due
to spin-conserving processes and replacing V → V (SF) and αe,o → αT

e,o.
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B.4 Background tunneling processes

Finally, we take into consideration the background tunneling processes between the SC leads.
The following additional terms need to be added to the variational equations:

B.1 +=
p

2V (D)

N

∑

k,k′
β±LRkk′
�

v∗Lku∗Rk′ + u∗Lkv∗Rk′
�

, (B.48)

B.2 +=
V (D)

N

∑

k′
αRk′
�

uLku∗Rk′ − vLkv∗Rk′
�

, (B.49)

B.3 +=
V (D)

N

∑

k′
αLk′
�

uRku∗Lk′ − vRkv∗Lk′
�

, (B.50)

B.4 +=
V (D)
p

2N

∑

q

�

β±LRk′q

�

uLku∗Rq − vLkv∗Rq

�

+ β±LRkq

�

uLk′u
∗
Rq − vLk′ v

∗
Rq

��

, for l= L , (B.51)

B.4 +=
V (D)
p

2N

∑

q

�

β±LRqk′

�

uRku∗Lq − vRkv∗Lq

�

+ β±LRqk

�

uRk′u
∗
Lq − vRk′ v

∗
Lq

��

, for l=R , (B.52)

B.5 +=
p

2V (D)

N

�

∑

q

¦

β±LLqk

�

uRk′u
∗
Lq − vRk′ v

∗
Lq

�

+ β±RRqk′

�

uLku∗Rq − vLkv∗Rq

�©

+ a± (vLkuRk′ + uLkvRk′)

�

. (B.53)

as well as

B.34 += −
V (D)

N

∑

k′
αT

Rk′
�

uLku∗Rk′ − vLkv∗Rk′
�

, (B.54)

B.35 += −
V (D)

N

∑

k′
αT

Lk′
�

uRku∗Lk′ − vRkv∗Lk′
�

, (B.55)

B.36 +=
V (D)
p

2N

∑

q

�

−ξ±LRk′q

�

uLku∗Rq − vLkv∗Rq

�

+ ξ±LRkq

�

uLk′ v
∗
rq − vLk′ v

∗
Rq

��

, (B.56)

B.37 +=
V (D)
p

2N

∑

q

�

ξ±LRqk′

�

uRku∗Lq − vRkv∗Lq

�

− ξ±LRqk

�

uRk′u
∗
Lq − vRk′ v

∗
Lq

��

, (B.57)

B.38 +=
p

2V (D)

N

∑

q

�

−ξ±LLqk

�

uRk′u
∗
Lq − vRk′ v

∗
Lq

�

+ ξ±RRqk′

�

uLku∗Rq − vLkv∗Rq

��

. (B.58)

Concerning the phase dependence, it should be noted that

vLuR + uL vR ∼ cos(φ/2) , (B.59)

uLu∗R − vL v∗R ∼ i sin(φ/2) , (B.60)

v∗Lu∗R + u∗L v∗R ∼ cos(φ/2) . (B.61)

The inter-lead tunneling processes induce three effects that we describe in more detail
below: 1) mixing between L and R 1QP terms (α), 2) mixing between LL, RR, and LR 2QP
terms (β and ξ), 3) Cooper pair splitting and recombination (coupling between a± and βLR).

Eqs. (B.49) and (B.50), as well as (B.54) and (B.55), describe mixing between the L and
R combinations of the singlet and triplet YSR states. These processes explicitly break the
symmetry of the coefficients αL/R and αT

L/R with respect to the Fermi level. They thus embody
the breaking of p-h symmetry by direct tunneling. Such processes are present for all values
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of the phase bias φ different from 0 and π, due to the sin(φ/2) dependence. Importantly,
compared to the effects of departure from the p-h symmetric point due to potential scattering
(δ term), which were found to be the same for the singlet and triplet states, here the mixing
leads to different signs in the singlet and triplet state because of the different phase structure
of the wavefunction in these subspaces. If one only retains these V (D) terms, the variational
equations take the following form (again we drop the 2QP terms):

N1δ(x)αe(x) =

�

4V
(CeV + C T

e V (SF))(U − 2ε) + 2Uδ(CoV + C T
o V (SF))

−Uδ
+

CoV (D)

2

�

sL(x) ,

(B.62)

N1δ(x)αo(x) =

�

4V
(CoV + C T

o V (SF))(U − 2ε) + 2Uδ(CeV + C T
e V (SF))

−Uδ
+

CeV (D)

2

�

aL(x) ,

(B.63)

N1δ(x)α
T
e (x) =

�

4V (SF) (CeV + C T
e V (SF))(U − 2ε) + 2Uδ(CoV + C T

o V (SF))

−Uδ
−

C T
o V (D)

2

�

sL(x) ,

(B.64)

N1δ(x)α
T
o (x) =

�

4V (SF) (CoV + C T
o V (SF))(U − 2ε) + 2Uδ(CeV + C T

e V (SF))

−Uδ
−

C T
e V (D)

2

�

aL(x) .

(B.65)

One consequence of the mixing between αe and αo, and αT
e and αT

o is that there is no apparent
way to express eigenenergies via a single transcendental equation, even when δ = 0. This
comes from the fact that the direct tunneling term breaks the p-h, and thus the η-symmetry.
Since there is different mixing between αe and αo, and between αT

e and αT
o , the singlet and

the triplet amplitudes can have different complex phases. Following Sec. 4.3, this leads to
non-zero 〈Sx〉. This observation is one of the key results of our variational analysis.

The three-way mixing of 2QP states is described by Eqs. (B.51),(B.52) and the first part
of Eq. (B.53), involving LL, RR, and LR configurations, and analogous structure for the triplet
counterparts. 2QP components are generally only a minor correction, thus the effects of this
mixing is not expected to lead to any important effects.

Finally, Eq. (B.48) and the last term in Eq. (B.53) show that zero-QP and two-QP states
(LR) are coupled via inter-lead tunneling. This corresponds to Cooper pair breaking and re-
combination processes, which occur for all φ ̸= π. Because Cooper pairs are singlets, there
is no analogous coupling that involves the LR two-QP spin triplets (ξ±LR terms). These terms
change the mathematical structure of the problem so that it is no longer possible to explicitly
express a± and βLR in terms of αL/R, because the relations are not algebraic but rather take the
form of integral equations. For this reason, it is not possible to fully reduce the eigenproblem
to equations for αL/R alone for V (D) ̸= 0. A detailed analysis of the effect thus seems difficult
in this formalism.
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