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We use the Schrieffer-Wolff transformation (SWT) to analyze Josephson junctions between superconducting
leads described by the charge-conserving BCS theory. Starting from the single-electron tunneling terms, we
directly recover the conventional effective Hamiltonian, —FE; cos ¢, with an operator-valued phase bias ¢. The
SWT approach has the advantage that it can be systematically extended to more complex scenarios. We show
that if a Bogoliubov quasiparticle is present its motion couples to that of Cooper pairs, introducing correlated
dynamics that reshape the energy spectrum of the junction. Furthermore, higher-order terms in the SWT naturally
describe Josephson harmonics, whose amplitudes are directly related to the microscopic properties of the
superconducting leads and the junction. We derive expressions that could facilitate tuning the ratio between

the different harmonics in a controlled way.
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I. INTRODUCTION

Josephson junctions (JJs) are key components of su-
perconducting quantum devices [1-4], as the nonlinear
characteristics arising from Cooper pair (CP) tunneling play a
crucial role in establishing a well-separated excitation energy
between the ground state and the first excited state of the
system. In ideal operation, JJs rely solely on the coherent
tunneling of CPs [5,6]. Under certain conditions, however, the
pairs break into quasiparticles (QPs), the elementary excita-
tions of superconductors, that disrupt the coherent behavior
by tunneling across the junction. This phenomenon is known
as the QP poisoning [7-9] and it is particularly important
because the population of QPs is often much higher than
expected from thermal equilibrium [10-12].

Beside the experimental challenges of mitigating the QP
poisoning [13-17], a range of theoretical questions concern-
ing the origin of QPs, their dynamics, and their impact on
device performance are still open [18-21]. The central prob-
lem is how, given that the QPs are inevitably present in the
system, they can be described in the effective models of
transmons, flux qubits, and other JJ-based superconducting
quantum devices.

One goal of this paper is to extend the conventional model
of the JJs, H = —E cos ¢, to account for the presence of a QP.
To achieve this, we employ the Schrieffer-Wolff transforma-
tion (SWT), a widely used perturbative method in theoretical
physics [6,22-25]. The SWT provides a systematic way to
derive low-energy effective models through a unitary transfor-
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mation followed by a projection onto the relevant low-energy
subspace [26,27]. The value of our approach lies in the fact
that the SWT allows the inclusion of QPs directly at the level
of the effective Hamiltonian and describes the correlations
between QPs and CPs in a quantum-coherent way, in contrast
to previous studies based on master-equation methods [7].
Furthermore, the SWT approach highlights the underlying
unitary transformation between the microscopic BCS theory
and the resulting JJ Hamiltonian for the phase difference vari-
able, and it directly provides operator expressions. This is in
contrast to conventional perturbation theory methods which
result in corrections to the energies and wave functions, from
which the effective Hamiltonian (when needed) needs to be re-
constructed, which is challenging in all but the simplest cases.
In the context of JJs, the SWT has been previously used, for
example, to describe optomechanical coupling [28], but not
to derive the effective JJ Hamiltonian from the microscopic
single-electron tunneling terms.

Here, we perform a SWT on the charge-conserving
Bardeen-Cooper-Schrieffer (BCS) theory [5,29] and derive
the low-energy model of the JJ. By initially restricting the
low-energy subspace to QP-free states and performing a
second-order transformation, we recover the conventional
model H = —Ej cos ¢. To incorporate QPs, in Sec. IV we
relax this restriction by including states containing QPs in
the low-energy subspace and derive the corresponding ef-
fective model for a junction populated by a single QP. The
SWT further provides a systematic framework to extend the
theory to higher-order perturbations. In Sec. V, we restrict
again to the QP-free states in the low-energy subspace and
perform the SWT to fourth order, enabling the description of
Josephson harmonics [30,31] and providing exact expressions

©2026 American Physical Society
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for calculating effective-model parameters from microscopic
quantities.

II. CHARGE-CONSERVING BCS THEORY

The microscopic theory of superconductivity starts with
the attractive Hamiltonian

H—puN = Zék(cacm +ka¢67k¢)
P

g
- N ZCZTCtle_kak/T (1)
kk'

where & = g, — u is the noninteracting electron energy spec-
trum with p the chemical potential, while g characterizes the
strength of the attractive interaction. In the BCS theory, the
attractive interaction term is decoupled via a mean-field ap-
proximation using the order parameter ,% > i {c—kyckr). This
leads to a model which does not commute with the total
number of electrons N, = ) o c;’(r cro and therefore does not
conserve charge.

A slightly modified version of the mean-field approxima-
tion defines the order parameter as

A= ]% Zk:<S+C_k¢CkT)’ )

where the operator S* creates a CP in the condensate [5,29].
The S operator commutes with the fermionic operators and
acts on an auxiliary Hilbert space of CPs that is distinct
from the fermionic Hilbert space of QPs. In this theory, the
states of the superconducting system have the tensor-product
structure of |fermions) ® |M)., where |M). denotes the state
of the condensate consisting of M Cooper pairs. We note that
because of STS = I — |0).(0|., where |0). is the state with no
CP in the condensate, the operator S is al/most unitary. Since
the system is populated with a macroscopic number of CPs,
the term |0).(0|. is negligible. Furthermore, the S operator
becomes a true unitary operator if we allow M to be negative
which we adopt here due to computational advantages.

After taking the mean-field approximation, as described in
the Appendix of Ref. [32], the Bogoliubov transformation

dre = ugcre — ovSct 3)

J

leads to the diagonal form of the Hamiltonian

H - uN = Egs + Y Exdi dio. “
ko

where E; = vg,f + |A|? is the spectrum of the supercon-
ducting QPs. The ground-state energy Egs will henceforth
be omitted as it does not affect the low-energy physics
of the system. In Eq. (3), uy = /(1 + &/E;)/2 and v, =

e /(T =&, /E;)/2 are the conventional Bogoliubov coeffi-
cients that diagonalize the mean-field Hamiltonian. Note that

dy, reduces the total charge of the system by one unit since its
second term describes the annihilation of a CP accompanied
by the creation of an electron. The total number of particles
in the system is described by the operator N = 3" vo ChoCho +
23y MIM).(M|., which commutes with the Hamiltonian,
leading to the notion of charge-conserving BCS theory. Since
the charge is conserved, the phase of the gap, §, which is at
the same time the phase of v, can be freely chosen.

The ground state of the mean-field Hamiltonian is given by

GS, M) = [ [ + wiSe et DIy @ M), (5)
k

where each term corresponds to a state with a total of 2M
particles.

III. SCHRIEFFER-WOLFF TRANSFORMATION
IN JOSEPHSON JUNCTIONS

A JJ consists of two superconducting leads separated by
a thin insulating layer across which quantum tunneling can
occur. The leads are modeled using the charge-conserving
BCS Hamiltonians

Hy = ZEkd;:f,dka + wi Ny,

ko
Hp = ZEqd;;dqa + 1rNR, (6)
qo

where we follow the conventional notation of the wave num-
bers k in the left lead and ¢ in the right lead. In the absence
of QPs, the basis states are given by |My, Mg) = |GS, ML) ®
|GS, M), describing the ground state with 2M; (2Mg) par-
ticles in the left (right) lead. These states constitute the
low-energy subspace for the SWT.

The perturbation is the tunneling Hamiltonian describing
single-electron tunneling, which we express in terms of the
Bogoliubov QP operators d as

V= (Tt cio + He) = Y [Tig(uttyd dio — vi0iSESLAS dgy + 0010 SEdgs dio +ougvi Spd,fdi)
N— —— ——

kqo kqo
q q
+ E{’;(ukuqd,;dqg - qu,fSZLSRd;jdkg + oviu, Szrdk(—,dq(, +ourv, SRd,:;d;-, ). @)
e — ———

The tunneling can be decomposed into eight different QP pro-
cesses. The labeled processes in Eq. (7) are those that affect
the charge balance between the fermionic and condensate sec-

(

tors, as they describe the (C)reation or (A)nnihilation of a pair
of QPs and the opposite process for a CP in the condensate.

For example, the term describes the annihilation of two
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quasiparticles, one from each lead, and simultaneous creation
of a CP in the condensate of the right lead. The arrow indicates
the direction of the overall charge transfer; here one charge
from left to right lead.

In the SWT, we treat V as a perturbation and perform a
unitary rotation followed by a projection onto the low-energy
subspace [26,27]. The rotation is applied to the total Hamilto-
nian H = Hy + V, with Hy = H; + Hp, as

Heie = Pye"He Py, (8)

where P, describes the projection onto the low-energy sub-
space of QP-free states. Assuming the perturbation V and the
rotation operator R to be small, we expand Eq. (8) to second
orderin V:

He ~ Hy+V + [R, Hol + [R, V] + 3[R, [R, Holl  (9)

We follow the standard procedure [26,33] and choose R to
obey [R, Hy] +V = 0, ensuring that the first-order terms in
the expansion vanish. The effective Hamiltonian then contains
only second-order corrections. Its matrix elements in the low-
energy subspace are given by

1
(1l Here|m) = EySun + 5 ;<n|V|l><l|V|m>

1 1
, 10
X(En—E1+E,n—E,> (10)

where E, is the eigenvalue of the unperturbed Hamiltonian
Hy. The states |n) and |m) are low-energy states, such as
|ML, MR> with the energy E()(ML, MR) = ZML,LLL + 2MR/.LR.
The states |/) are high-energy states with two QPs, for ex-
ample, d]de;l My, Mg — 1) with the energy Ex + u; + E, +
ur +2Mp g 4+ 2(Mg — 1)ug. Thus, the second-order terms
in the effective Hamiltonian correspond to virtual processes
involving the creation of a pair of QPs followed by their
annihilation. The resulting nonzero matrix elements are given
by

(M, Mg|Heg| My, Mg) = Eo(My, Mg) + E2,
(M, — 1, Mg 4 1|Hegt M1, M) = _TC(EZ’)’

My, + 1, Mg — 1)|Heer My, Mg) = =T, (11)
where
|ug)?|vx|? |u|* v,
ESZ):_ZW"'Z(E Fe—oV Bt B, +ev
qu' k+ q — e k+ q+e
(12)

is the energy shift, independent of M; and Mg, and where
eV = up — ug denotes the bias voltage. In Eq. (11), we have
also defined

E;, + Eq

1 = Z T2 UgU v - . (13)
” (Ex + Eq) = (eV)

describing the amplitude of CP tunneling in the effective
model. Note that the freedom in choosing the phase of v, and
v, can be used to set TC(EZ,) to be real. In the following, we adopt
this convention and use the standard notation TC%) =E;/2,
where E; denotes the Josephson energy.

Based on the matrix elements, the effective Hamiltonian
can be written as
Ey
Her = Hy + EY — 7(S,tsL +H.c.), (14)
which, using the phase representation of the operators Sy =
't and Sy = €'%%, becomes

Heir = Ho + E — Ejcos §, (15)

where ¢ = @ — @ which forms a conjugate pair with the
operator % ZML,MR(ML — Mg)|M;, Mg){M;, Mg|.

Our result in Eq. (15) together with Eq. (13) essentially re-
produces the findings of conventional perturbative approaches
[5,34]. Regarding the voltage dependence of the Josephson
energy observed in the denominator of Eq. (13), in typical
JJ experiments this voltage dependence represents a minor
correction (see Appendix C) and hence can be neglected in
practical applications. The SWT approach has the advantage
of explicitly showing that a unitary transformation exists be-
tween the Hamiltonian with single-electron tunneling and the
conventional circuit-QED Hamiltonian with a —E cos ¢ term.
In principle, this unitary transformation should be applied to
all operators analyzed within the framework of the Josephson
Hamiltonian. Another benefit of the SWT is that it directly
provides operator expressions, unlike conventional perturba-
tion expansions that results in corrections only to the energy
and the wave function.

An additional advantage of our approach is its system-
atic extensibility to more complex scenarios. The derivation
presented above is based on two principal assumptions: the
adequacy of a second-order expansion in the tunneling and the
restriction of the low-energy subspace to QP-free states. These
assumptions can be relaxed independently. In the following
section, we expand the low-energy subspace by including the
states that contain a single QP. In Sec. V, we maintain the
original low-energy QP-free subspace but increase the order
of the perturbative expansion to fourth order.

IV. EXTENSION TO STATES WITH ONE QUASIPARTICLE
A. Hilbert-space partitioning

We modify the SWT presented in the previous section by
extending the low-energy subspace with the states including
one QP (1-QP states), such as |ko, M;, Mg) = d,ja|ML, Mp)
with the energy Ej; 4+ up + Eo(My, My). These states are the
lowest-energy states for an odd number of particles. It is also
important to note that the effective Hamiltonian has no matrix
elements between QP-free and 1-QP states; these states live in
entirely separate Hilbert spaces.

Following Ref. [26], we decompose the tunneling Hamil-
tonian into block-diagonal and block-off-diagonal terms, V =
Va 4 Vioa. The block-off-diagonal part, Vg, includes the terms

marked by | - / <— A/C |in Eq. (7) which are responsible for

transitions between the low- and high-energy subspaces. The
block-diagonal part, Vy, consists of the remaining terms that
describe transitions within the subspaces.

‘We note that the partitioning of the Hilbert space adopted
in this section leads to “low-energy” and “high-energy” sub-
spaces whose spectra actually overlap. In the specific case,
a 1-QP state from the “low-energy” subspace with a very
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high energy, which is possible because the spectrum of the
QPs is unbounded from above, can have the same energy
as, for instance, a 3-QP state from the ‘“high-energy” sub-
space composed from multiple low-energy excitations. The
main condition for splitting the Hilbert space according to
Ref. [26] is that there must exist a positive energy AE such
that |E, — E;| > AE for all high-energy states & and all low-
energy states /. Our model does not fulfill this requirement.
However, this condition is actually not a necessary but merely
a sufficient condition for performing a proper SWT. The SWT
remains applicable even when the condition |E, — E;| > AE
is fulfilled only for states which are directly connected by the
block-off-diagonal part of the perturbation. This requirement
is, in fact, fulfilled in our model. Furthermore, this is in line
with the physical intuition according to which the 1-QP states
with very high energies, i.e., far from the gap edge, are less
relevant in describing the dominant behavior of the junction.
All of these considerations justify the Hilbert space partition-
ing into sectors of different quasiparticle numbers.

B. Effective Hamiltonian

Using Eq. (3.13) of Ref. [26] and expanding to second
order in the tunneling, we obtain the effective Hamiltonian

Hef = Hy + Va + He(fzf)’ (16)

where the second order term He(ff) has matrix elements

1
(nlH Im) = 2 (1 Voal 1) (! Vaalm)
1

1 1
. 17
X(En—E1+Em—E,> {an

Here, the relevant high energy states, |/), are 3-QP states, for
example, |k'6”, ko, go’, My, Mg) with the energy E; + E; +
E;+2up + pg + Eo(Mp, Mg).

We evaluate the sums in Héfzf) for all relevant processes (see
Appendix A for details) and obtain the effective Hamiltonian

H.e =Hy + Eéz) —Ejcos

+ ) [(Tiguitty — Tivgvie ?)d ) dio +Hee]

kqgo
+ Y tewdi,dioc + Y (hoiwe®d) dio + Hoc.)
kk'o kk'o

+ Zt’?,qq/d;adqa + Z(hk,qq/ei(?)d;fgdqo + H.c.),
qq9'c qq'c

(18)

which is one of the main results in this work. Compared to
Eq. (15), we find several additional features:

(1) first-order terms, arising from V,, corresponding to
direct quasiparticle tunneling between the two leads;

(2) second-order terms that account for intralead QP scat-
tering processes, either unassisted or assisted by CP tunneling.

For instance, the term h; wwe'?d,’ dy, describes scattering
of the QP from mode k to mode k', accompanied by a CP
transfer from left to right. This correlated motion of QPs and
CPs has implications for the eigenstates of the Hamiltonian
and the resulting dynamics.

E(¢) — E_(¢p) ----- —E;cos(p)

FIG. 1. Spectrum of the Josephson junction with a single quasi-
particle. The parameters were setto 7 = 0.5and & = ¢ = 0.1 in units
of E;. The dashed curve shows the spectrum of the quasiparticle-free
case. In reality, the quasiparticle-free and one-quasiparticle branches
are separated by A, which is not displayed in the plot since it greatly
exceeds all other energy scales.

Furthermore, from the QP perspective, the intralead scat-
tering terms of Eq. (18) can also be relevant for QPs
thermalizing within the lead.

C. Toy model

To further analyze the effects of the QP-CP coupling, we
investigate a minimal toy model with a single energy level at
the gap edge in each lead. For simplicity, we take identical
gaps, such that the single QP energies are £, = E, = A. We
further assume i = hyg = hgyq and t =ty = tggq. The am-
plitude of the direct tunneling, denoted by T, is assumed to be
real. In addition, we employ the phase eigenstate representa-
tion of the 1-QP states, defined as

oo
ko, Myp) = > &"ko, M;m),
m=—00
o0
lgo, M;0) = ) €“"|q0, M;m), (19)
m=—0o0

where |ko, M; m) is the same state as |ko, My, Mg) with M =
M + Mg and m = (Mg — Mp)/2. On this two-dimensional
Hilbert space, the effective Hamiltonian is represented by the
matrix

) 0 L1 —e)
Hﬁ:A+t—E,cos<p+ )

T —ev) 0
(20)

where E; = E; — 2h is the renormalized Josephson energy.
The eigenvalues of the matrix are calculated as

Ei(p)=—Ejcosp+A+1t+ T‘sin (%)

. @D

which we plot in Fig. 1 as a function of the phase dif-
ference. The existence of two solutions corresponds to the
two-dimensional fermionic Hilbert space of this toy model.
The energy functions E1 (¢) have important practical con-
sequences on the excitation frequency of a JJ-based qubit.
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In the absence of QPs, the energy landscape has the famil-
iar form of —Ejcos¢ with a minimum at ¢ = 0. Near the
minimum, the function is approximated with the parabola
—Ej + ¢*E; /4, where the curvature Ej /4 directly determines
the qubit excitation frequency. The presence of the QP in-
troduces a vertical shift of the spectrum by A. Since A is
typically much larger than the other energy scales, it ensures
a wide separation between the QP-free and the 1-QP spectra.
The parameter ¢ produces only a minor vertical shift without
modifying the overall shape of the curve. The tunneling am-
plitude 7 shifts the spectrum horizontally while the parameter
h renormalizes E; as E; = E; — 2h. The resulting curve has
its minimum displaced to ¢y = £ arcsin[T"/ (2E))] and the
parabola around the minimum takes the form

Ew~—i- BT N wr @
e TR, T 4 4Bz )

with the modified curvature %(1 - %). The change in cur-
J

vature is a clear indication that the resulting dynamics differ
from the QP-free case and also implies that the presence of
QPs around the JJ modifies the qubit excitation frequency. To
explore how exactly the excitation frequency changes due to
this effect, a full circuit QED model of the junction would
be required by including the charging energy term in the
total Hamiltonian. This, however, lies beyond the scope of the
present work.

The toy model is based on the assumption that, for quasi-
particles, only a single energy level at the gap edge is
considered. In a realistic situation, multiple quasiparticle lev-
els may be relevant leading to different energy landscapes but
the same qualitative features, namely the modification of qubit
excitation frequency and the offset of the minimal energy in
the ¢ space, are expected to appear.

V. FOURTH-ORDER SWT

The SWT can also be extended to higher order in the
tunneling amplitude in a systematic manner. In the present
section, we consider again the low-energy subspace consisting
of the QP-free states only.

To carry out the SWT to fourth order, we assume that the
transformation operator R contains terms of first and third
order in the tunneling, R = R + R®. We extend Eq. (9)
by expanding the effective Hamiltonian to fourth order in the
tunneling. Further details are provided in Appendix B. The
first-order term R is chosen so that the linear terms cancel
in the effective Hamiltonian, leading to the condition V +
[R!V, Hy] = 0. Similarly, the third-order contribution R® is
determined such that the third-order terms of the effective
Hamiltonian also vanish, yielding the condition

— 2RV [RV R, Holll + [RP, Hol = 0. (23)

With these conditions, the fourth-order effective Hamiltonian
takes the form

Her = Ho + EY — Ejcos ¢ + HSY. (24)

Analysis of the fourth order processes (see Appendix V)
shows that Hé?f) acts on the quasiparticle-free Hilbert

Space as
HY = E® + T3 cos @ + DP cos(29). (25)

Here, the constant term E(g4) and the single CP tunneling
term Tc(g) cos ¢ can be absorbed into the second-order terms,

leading to a redefinition of Eéz) and E;. The nontrivial term
D™ cos(29), referred to as the second Josephson harmonic
in the literature [30,31], describes the simultaneous tunneling
of two CPs. This term originates from fourth-order processes
involving the creation and annihilation of two QPs, accom-
panied in some order by the creation of two CPs in one lead
and the annihilation of two CPs in the other. For example,
the process \ —-C | —-C | — A | — A‘ effectively describes
the tunneling of two CPs from the left lead to the right one.
By taking into account even higher orders in the SWT, higher
harmonics can similarly be captured.

The parameters 7.y and D™ can be calculated for
a specific microscopic model of the leads and the weak
link as detailed in Appendix B. For leads with constant
normal-state density of states, D, and a junction with
momentum-independent tunneling amplitude 7', the coeffi-
cients 7.3 and D™ are given in Appendix C. Note that the
momentum-independence corresponds to a tunneling between
one distinguished level in the left lead, ~ > ¢4, and one in
the right lead, ~ ) ¢, effectively describing a one-channel
tunneling (rank-1 coupling matrix). Neglecting constant terms
Ey, the eigenvalues of the effective Hamiltonian (24) are ob-
tained as

E( ) E + 2T4D2 7T2 D2A2
_ - cos
¢ N TS v
2T4D?
+ (o — a"D*A?) cos(2¢), (26)

where o’ ~ 0.0896, «” ~ 2.307, and « is a positive numerical
constant depending on the high-energy cutoff W. The numer-
ical constants depend on DA, which is a small quantity in
the conventional case, where « and «” terms represent a tiny
correction; however, in flat-band superconductors they could
significantly affect the overall parameter values. Equation (26)
shows that in the conventional case by increasing the tunnel-
ing amplitude T, the first harmonic is suppressed while the
second harmonic is enhanced. This is in accordance with the
results of the mesoscopic study in Ref. [31] as the channel
transparency is related to the tunneling amplitude. For very
flat bands, the trend could become reversed.

Furthermore, we find that, as DA increases, the fourth-
order contribution to the first harmonic, Té?,), becomes less
significant compared to D™; see the inset in Fig. 2.

Note that Eq. (26) is valid only in the perturbative regime,
T <« A. The second harmonic cannot dominate over the first
harmonic within this framework. To design a junction dom-
inated by second harmonic behavior, the tunneling must be
constructed such that the amplitude of the first harmonic van-
ishes. This can be achieved by considering, for example, a
two-channel tunneling with Tyy = Ty}, vik + T2, 72« (rank-
2 matrix) instead of the momentum-independent tunneling
amplitudes. Here, the tunneling is realized in two channels,
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@) 4
Tcp, D

D«a)/ng

DA

0.1 02 03 04

0.2& 0.4

DA

FIG. 2. The fourth-order contributions to the first and second
Josephson harmonics as a function of DA. The parameters Tc(g)
and D™ are measured in units of 74D?/A. For the plot, constant
density of states and momentum-independent tunneling amplitude
is assumed. Furthermore, the bandwidth is assumed to be W =
V(1/D)? + A?, where D is the normal-state density of states. Inset:
the ratio of the two contributions indicating that larger DA generates
more significant second harmonic.

one between Y Y1y and Y Y1440 and another one between
Z Y2k Cko and Z Y24Cq0 -

For the tunneling amplitudes of the two channels, we de-
fine Ty =T and T, = rT and we assume that 7T is real. The
second-order term in the effective Hamiltonian, —E; cos ¢,
is a quadratic function of r and cancels due to destructive
interference if the ratio » of the tunneling amplitudes is chosen

as
7, —An=E VAL —AnAy
r=—= =70, 27
T A
where both 4+ and — may produce a valid solution, and
A3
A = YT — 28
JJ %yqujkyqujkEqu(Ek_i_Eq) ( )

depends on microscopic details. By setting the ratio of
Eq. (27), only fourth-order terms remain nonzero in the ef-
fective Hamiltonian.

The ratio r can be further fine tuned such that E; — ZTC(]?
vanishes, i.e., the first harmonic is completely canceled. Since
Tc(f,) is a quartic polynomial in r, analytical solution of the
equation E; — ZTéé) = 0 is difficult to obtain. Nevertheless,
an approximate solution can be derived up to second order in
T?/A2. By introducing the function f(r) via Tc(g) = %f(r),
we obtain that the ratio of the two channel tunneling ampli-
tudes should be chosen as

T? T
r=rp + _L (29)
2A2 Agpprg +Ann
to ensure that E; — ZTC(f,) vanishes up to fourth order in T /A,
leaving a purely second harmonic junction to this order.

VI. DISCUSSION

The effective Hamiltonian of a JJ, consisting of two su-
perconducting leads separated by a thin insulating layer,

has been derived in various contexts of current interest.
The conventional Hamiltonian —E; cos ¢ was obtained from
the charge-conserving BCS theory by a second-order SWT
under the condition that the low-energy subspace consists
solely of quasiparticle-free states. Although the final result
of this derivation is not novel, the method of SWT repre-
sents an alternative, systematic approach to obtaining effective
JJ Hamiltonians and provides further insights into the JJ
phenomena. First, it highlights that the effective Hamilto-
nian —Ej; cos ¢ is linked by a unitary transformation to the
single-electron tunneling model. This unitary transformation
may also be relevant to other physical quantities and the
transport properties of the junction. Second, this procedure
avoids the complications of requantizing the phase of the
order parameter, which typically arise in derivations based on
the Ginzburg-Landau theory, since the phase difference here
naturally emerges as an operator.

Taking the advantage of systematic extensibility to more
complex situations, in this work we derived the effective
Hamiltonian for the scenario in which a single quasiparticle
is present in the ground state of the system. We found that
this modification introduces intralead scattering terms into the
effective Hamiltonian. Some of these terms are assisted by
Cooper-pair tunneling, thereby describing correlated motion
of the quasiparticles and Cooper pairs. By analyzing a toy
model with a single one-particle state in each lead, we showed
that this effect modifies the conventional —E; cos @ energy
landscape and, therefore, can alter the excitation energy of a
superconducting qubit poisoned by a quasiparticle. We believe
that this finding represents an important step toward a compre-
hensive effective model of Josephson-junction-based qubits,
which may be completed by including the charging energy in
the description.

The SWT also provides an opportunity to analyze higher-
order corrections and Josephson harmonics. We analyzed
the fourth-order terms on the low-energy subspace of
quasiparticle-free states and obtained second Josephson har-
monics characterized by the cos(2¢) term. We demonstrated
how this approach can be applied to engineer the ratio between
the amplitudes of the first and second harmonic by showcasing
two simplest situations, rank-1 and rank-2 tunneling (over-
lap) matrices. In particular, for two scattering channels we
have established that the fundamental cos ¢ can be suppressed
through interference.
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TABLE I. Matrix elements in the 1-gqp sectors.

Process |1)

Processes starting from the left lead: |m) = |ko, My, Mg)

— C||«< AR |k'6’, ko, qo’, M, — 1, Mg)
— Cl|«<A}S |k'c’, ko, qo’, My — 1, Mg)
—-Cl||—= AJR k'’ ko, qo’, My — 1, Mg)
—-Cl|l—=A)S k'’ ko, qo’, My — 1, Mg)
«~Cl|— AJR k'’ ko, qo’, My, Mg — 1)
<~ Cl||l—=AJS k'’ ko, qo’, My, Mg — 1)
«~C||«<AJR k'’ ko, qo’, My, Mg — 1)
«~C||l<AJS |k'c’, ko, qo’, My, Mg — 1)

) (nlHr 0a|l) - (L|HT, 00 |m)
ko', My, Mg) Tiog P2 vy
|K'o, My, Mg) —8510 Tirg T Uz Ve vy

ko, M; — 1, Mg + 1)
|k'o,M; — 1, Mg + 1)
|ko, M, M)
|K'o, My, Mg)
ko, M; + 1, Mg — 1)
|k'o, My + 1, Mz — 1)

Tkz,quq v;‘uk/ vy
_6&’a T}(’qﬂcquq v;”k 1%
|I;c’q|2u1%f |vq|2
=866 T}, TkqUi Ui Vg |
(T, )t v}ty vy

k k *
=856 T}, Tg Ui Vi g Vg

APPENDIX A: SECOND ORDER PROCESSES
IN THE PRESENCE OF ONE QUASIPARTICLE STATE

We analyze the second-order processes starting from a
state with one QP in the left lead, |ko, My, Mg), and evalu-
ate the last term of Eq. (17) in the main text. The relevant
processes are listed in Table I. The notation /R refers to
the process when the exact same QP is annihilated that was
created before. The notation /S represents a process when a
different QP is annihilated and so describing effective scatter-

J

ing of the QP. We note that Héfzf) has matrix elements only
between 1-QP states with a QP located in the same lead.
Namely, only (k|He(f2f)|k’) are nonzero, while all (k|Héf2f) |g) ma-
trix elements vanish. Furthermore, no spin-flip processes are
present.

The relevant high energy states, |/), are the 3-QP states
such as [k'6’, ko, qo’, M, Mg) with the energy E; + E; +
E;+2up + pg + Eo(Mp, Mg).

The relevant matrix elements of He(fzf) are obtained as
follows:

2 2 2 2
1L kk
(ko, My — 1, Mg + 1|H |ko', My, Mg) = —% + Xq: (ATRITIRIN EF Eq?jSZ m—ct (A2)
hi kk
(ko, My + 1, Mg — 1|H? |ko, My, Mg) = —% + 1 e (A3)
Furthermore, if k' # k, we have
toaw = (K'o, M, Mg|HS ko, My, M)
1 1 1
=3 Xq: [quj}jqukuk’wc]ﬁ(Eq T — + R MR)
+ Y}Cf]Tk/qv,’karué(E ! + ! )], (A4)
gt Ex—pur+ur  E;+Ey — ur + pur
hyw o= (Ko, My, — 1, Mg + 1|HS ko, My, M)
= % Z TeqTieqitq Vg iV (E ! + ! ) (&5)
p gt Ev — (U — ur)  Eq+Ep+pur — ur
(Ko, My + 1, Mg — 1 H ko, My, Mg) = I 4. (A6)

The processes starting from a state with a single quasiparticle in the right lead, like |go, M, Mg), can similarly be described
and evaluated. Therefore, the total effective Hamiltonian can be written as

E
TJ(S;{SL + 87 Sr) + ZIL,kk’d/jf—gdka + Z(hL,kk’Sje_SLd/j/—gdka +H.c)
kk'o kk'o

@ _ g®
Heff _EO -

+ Y trggdfdge + > (hrgg Sy Sid,},dgs + Hee), (A7)

qq'c qq'c
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which is identical to Eq. (18) in the main text. Note that this result acts on states with only one QP. In case of multipe QPs, the
effective model is expected to include effective interactions between the QPs.

APPENDIX B: FOURTH-ORDER SWT

We summarize the results of the fourth-order SWT with the transformation operator of R = R + R®_ Here, RV is linear in
the perturbation while R® is proportional to V3. The fourth-order expansion of the effective Hamiltonian is obtained as

1
Heg =¢"He " ~ Hy +V + RV, Ho] +[RV. V] + SRV RV, Ho]l
—_ — 2

zeroth first

second

1 1
+ E[Rm’ [RD, V1] + y[R‘”, [RV, [RM, HylN] + [R, Ho]

third

+ 31 RY, IRV, IRV, VI + 5 1 JRY R IR, R, Hollll + (R, V1 + 3 [R“’ (R, Hol] + 2[R<~”,[R('>,Ho]].

fourth fourth

(BI)

The first-order terms cancel if V 4 [R(), Hy] = 0. Furthermore, we set R® to cancel the third-order terms, leading to the
condition

—HRD RV R, Holl + [RY, Hol = 0. (B2)
Under these conditions, the effective Hamiltonian simplifies to
Her = Hy — 3[RV, [RV, Holl + §[R™, [R, Hol] — 3[RP, [RV, Hy] (B3)

in accordance with Ref. [26].
The matrix elements of the operators R‘") and R® in the eigenbasis of Hy|n) = E,|n) are calculated as

(R =
E, — E,
(n|R¥|m) = : > Vi) kVIL LV lm) (E, — 3Ex + 3E; — Ep). (B4)

3(En — En) 4 (B, — B)(Ex — EN(E1 — Ey)

The matrix elements of the fourth-order contribution of the effective Hamiltonian is given by
(VL) (BIVIL)Y LIV L) LIV m)

1
(nlHG |m) =
. ,,Z, (En — Ep)(E, — En)(E, — Ey )(Ey, — Ep)

E,—-E, E,—E, )i| (B5)

—E, +4E;, — 6E 4E, — E,, +4(E, — E, —
X[ +4E;, L+ 4E +4( )<E13_Em E, _E

Restricting the states |n) and |m) to the QP-free states, the fourth-order terms of the effective Hamiltonian have the following
structure:

HY = E + TS SL + TS Sk + DWS3SESLSL + DY*SF S, SgSk. (B6)

The Tc(é) terms can be subsumed into the leading-order Josephson energy. The new term proportional to cos(29) describes

simultaneous tunneling of two CPs. The values of Tc(g) and D™ can be computed from the microscopic properties of the leads.
At zero bias voltage, we obtain the following exact expressions for these quantities:

2 2
2ol + vy

Tey =8Zqu|qu| Uella Uk T B )
q

kq
Ex+E,+Ey+Ey
— 22Tk/q«ﬂq/uqzv;/(ﬂr 'y ukuk/vk/lvql + quTk, u ukvk|vk| ) 4 el , (B7)
kq (Ek + Eq)(Ek’ + Eq’)(Ek + Eq’)(Ek’ + Eq)
Ve

D@ _ 4 Z 4142142111%(11*)2 Z T g T g Thg Tig it gy vkvkrvq vq (B8)
- C(EHE) T4 (Bt E(Ec+E)Ex +Ep)

Kq
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APPENDIX C: PARAMETERS OF THE EFFECTIVE
MODEL IN THE CASE OF CONSTANT
DENSITY OF STATES

In this section, we evaluate the effective model parameters
by assuming a constant normal-phase density of states in the
superconducting leads, Dy (&) = Dr(§,) = D. Furthermore,
we assume that both leads have the same real-valued gap A,
identical QP spectra and that the tunneling amplitude T;, = T
is real and momentum-independent. Under these assumptions,
the Josephson energy, as defined in Eq. (13), is obtained as

dE
E; =AT*D*A? /
/ AZ
/ E+E
X 5
A m (E+E)—(eV))

which, in general, can be evaluated numerically only. At low
bias voltages, eV | < A, we have

1
E = nszDzA(l n 16<ev) ) (€2)

We note that in a typical experimental setup the correction
from the bias voltage is expected to be very small and hence
can be neglected.

The energy shift is obtained as

(ChH

dE

EY) =—4T*D*A? /
JEI - A2
©  JE’ EE'(E +E)
x . (C3)
A VEZ—AZ((E+E')—(eV))
which must be regularized by an ultraviolet cutoff, W, result-
ing in the leading term Eéz) = —4D’T’W In (%).
We also evaluate the parameter #; 4 as defined in Eq. (A4),

2D
{uu Ly (Ex + V) + fi(Ev + eV)]

+ vivelfi(Ex —eV) + filEe — eV}, (CH)

ILkk =

where
> dE'E’ 1
a VE?P—AE'+E’

which is regularized by an ultraviolet cutoff W, and, to leading
order in A/W and close to the gap edge, we obtain

f(E) = (C5)

f(E)~ —1 2E-A (P (C6)
~—1-= n{—).
! 3 A A
Furthermore, we calculate /i x (AS),
TZDLtkUk/

hi e = [fn(Ex —eV)+ fr(Ex +eV)],  (CT)

2

where
*  dE'A 1 Aarcosh(£)
n VEZ-AE'+E  JET-A?’
which, close to the gap edge, is approximated by f,(E) =~ 1 —
(E — A)/3A.
We also evaluate the parameters of the fourth-order pro-

cesses. The coefficient TC(4), as defined in Eq. (B7),
calculated as

(E) =

(CB)

2 T4D2
@ _ %— —aT*D*A, (C9)

where

A A e v N s

(x+x)@+Y)x+x" +y+y)
(x + )X+ y)x + ) +y)
is a numerical constant. Note that the integral diverges, so the
integrals shall be regularized by setting the upper limits to
W/A. By setting W/A = 1000, the numerical integral results
ina &~ 356.6.
The parameter D™, as defined in Eq. (B8), is computed as

(C10)

T4D?
DW =o' ——— —o"T*D*A (C1D)

where
dx dy 1

o =
/1 /1 V2 =12 = 1xy(x +y)?

o0 0
(X”:Z/ /
1 1

~ 2.307

~ (0.0896,

(C12)
arcosh(x)arcosh(y)

(x+y)

dxdy
2 =107 1)

(C13)

are numerical constants.
The energy spectrum of the fourth order effective Hamilto-
nian is computed as

E(p) = Eéz) + E(§4) + (—EJ + 2TC(;)) cos ¢ + 2DW cos(2¢),

(C14)
where ¢ is the eigenvalue of the operator @ deﬁned through
SESL = /%, By omitting the constant terms E ) and E0 , and

by substituting the results from the constant dens1ty of states,
we obtain

E(p)=|-E; + 2D aD>A @
=|— oS
/ A 16 ¢

2T4D?
(o — a"D*A?) cos(2¢).

(C15)
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