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Strongly correlated Josephson junction: Proximity effect in the single-layer Hubbard model
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We study the proximity effect in the Hubbard model coupled to BCS superconductors describing a single-layer
strongly correlated electron system in a phase-biased Josephson junction. We find two distinct gapped solutions,
a Mott-like insulating (M phase) and a proximitized superconducting phase (S phase), separated by a first-order
transition with hysteresis. In the M phase, the large correlation-induced charge gap strongly suppresses the
critical current, while the S phase behaves as a O-junction, with a proximitized gap that closes for ¢ = 7 to yield
a correlated metal. Phase bias and junction transparency can thus serve as tuning knobs to switch between

conducting and insulating regimes. Working within the dynamical mean-field theory using the numerical
renormalization group as the impurity solver, we associate M- and S-phase solutions with the doublet and singlet
fixed points of the underlying superconducting Anderson impurity problem. We obtain detailed insight into the
spectral structure on all energy scales. In the M phase, the self-energy has sub-gap resonances symmetrically
located around the Fermi level resulting from the splitting of the “mid-gap pole” found in Mott insulators; this

structure accounts for phase insensitivity.

DOI: 10.1103/6tps-wkk4

I. INTRODUCTION

Mott insulators, heavy-fermion metals, unconventional
superconductors and other quantum materials show emer-
gent phenomena that arise from strong electron—electron
interactions [1-3]. Bringing together materials with com-
peting ground states can create new electronic phases at
the interfaces [4], motivating research on heterostructures
combining superconductors with strongly correlated electron
systems [5-7], such as those based on van der Waals sys-
tems [5,8], including Nb;Brg, where one observes the Joseph-
son diode effect [9,10], and two-dimensional heavy-fermion
Kondo lattices grown on superconducting substrates [11].
Josephson junctions force the embedded correlated material
to carry supercurrent whose magnitude and phase dependence
encode information about the low-energy many-body states,
similar to the situation in quantum dot devices with supercon-
ducting contacts [12—14]. The need to better understand such
states motivates detailed studies of proximitized superconduc-
tivity in strongly correlated phases. In this paper, we address
this question for a single-layer Mott insulator described by the
Hubbard model. We will establish that a proximitized Mott
insulator layer can be essentially Josephson-inactive: there
exists a Mott solution branch with tiny phase stiffness (unlike
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in superconductor-band insulator—superconductor junctions
with substantial Josephson energy), while the superconduct-
ing branch behaves as a conventional O-junction whose
proximitized gap closes at ¢ = 1, yielding a correlated metal.

The Hubbard model is the paradigmatic model of strong
correlation effects and describes the essential physics of
the Mott metal-insulator transition (MIT) [15]. Dynami-
cal mean-field theory (DMFT) provides a nonperturbative
framework for treating local correlations and captures Mott
physics [16,17]: a first-order phase transition occurs as a
function of interaction strength with coexistence of solutions
between interaction strengths U,; and U, at low tempera-
ture [18-23]. Extensions of the DMFT to inhomogeneous
systems [24] allow studies of layered heterostructures and
interfaces [25-32], for example how a metal placed in contact
with a Mott insulator makes the metallic state penetrate into
the insulator [33,34]. DMFT reduces the bulk problem to a
self-consistently defined quantum impurity problem, in our
case the superconducting Anderson impurity model (SAIM).
SAIM has been studied extensively as a model for quan-
tum dot Josephson junctions [14,35,36]. In these systems,
the ground state is determined by the competition between
the Coulomb repulsion, Kondo screening, and the supercon-
ducting pairing. The resulting singlet-doublet quantum phase
transition (QPT) in the impurity problem [37] provides the
conceptual underpinning for understanding the lattice prob-
lem studied in this work.

We consider two geometries sketched in Figs. 1(a)
and 1(b): a surface problem with a single superconductor
and a Josephson junction between two superconductors with
phase bias ¢ = ¢p — ¢r. For ¢ = 0, the two cases are equiv-
alent. We will demonstrate the existence of two distinct
phases: a Mott-like phase (M) with free local moments and a
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FIG. 1. (a), (b) Schematic representations of surface and Joseph-
son junction problems. A and ¢ are the superconducting gap and
phase, I" are the tunneling hybridization strengths between correlated
(gray) and superconducting regions (orange). (c) Phase diagram at
half filling and zero temperature with superconducting (S) and Mott
(M) phases. U, and U, are spinodal interaction strengths that bound
the coexistence region. /. denotes the critical current.

superconducting phase (S) with induced pairing correlations.
The transition between them is first order, similar to both
the singlet-doublet quantum phase transition in SAIM and to
the MIT in Hubbard model. In fact, the two phase transitions
are in direct correspondence in this system, which is one of
our key results.

The paper is organized as follows. In Sec. II, we introduce
the Hubbard model coupled to superconducting regions and
the DMFT self-consistency procedure. In Sec. IIT A, we study
the surface problem and in Sec. III B we present results for
a strongly correlated Josephson junction. Section IV contains
the discussion. Additional numerical results and technical de-
tails of the calculation can be found in the Appendixes.

II. MODEL AND METHOD

The system is composed of a strongly correlated region
weakly coupled to two superconducting (SC) regions. The
strongly correlated region is modeled by the Hubbard Hamil-
tonian

Hye=—t Y (d}djg +He)—p Yy d do

(ij).o i,o

+U2niﬂ’li¢’ (1)

where d! creates an electron of spin o on site i of the Bethe
lattice, ¢ is the nearest-neighbor-hopping parameter, u is the
chemical potential, and U > 0 is the on-site Coulomb repul-
sion. The Bethe lattice noninteracting density of states (DOS)
is given by
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The coupling to SC regions A = L, R for each Bethe lattice
site i of the Hubbard model is described by the Hamiltonian

Hy.; =V, Z[(d[t,ci,\,qa +Hc)+ ZHE\CS[CQ,qa], 3)
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where the superconducting regions are described by the BCS
Hamiltonian

BCS __ i .
H57» = § :8qcix,qaclhqff
q,0
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Here, ¢4 is the dispersion relation in the superconductor, A =
|A,]e'% is the SC order parameter with amplitude |A;| and
phase ¢,. We consider the symmetric case V = Vi, = Vg and
A = AL = Ag.

Each Hl.BfS acts as a reservoir for each site i of the Hubbard
model. An ’analogous approach has recently been used for the
Hubbard model coupled to a normal electron reservoir [38],
and it can be shown that this formulation is fully equivalent to
the inhomogeneous DMFT approach for a single active layer
coupled to semi-infinite leads [33,34] (see Appendix A for
details).

We tackle this problem using the DMFT approach with ex-
tensions for superconducting order [16,39,40]. The effective
hybridization function of the impurity model in Nambu matrix
space is

At = 1°73G10e T3 + Zpes, (5)

where Xpcs =Y, V2138, (z)3 is the self-energy owing to
the proximity effect, with 73 the Pauli Z matrix and g,
the BCS Green’s functions (see Appendix B for details of
Green’s functions definition, and Appendixes C and D for
details of the implementation of the DMFT self-consistency).
We neglect the back-action of the correlated region on the
baths (order-parameter suppression), which is appropriate for
macroscopically large baths in contact with a single layer as
a first approximation. We focus on the paramagnetic solution
at half-filling. Magnetic order would introduce an additional
scale, but would not influence the phenomena central to this
work—dynamical correlation effects, critical current suppres-
sion in the M phase and metallization in the S phase—since
these are owing to local self-energy physics that will survive
upon magnetic ordering. All results will be given in energy
units of half-bandwidth D = 2¢t. The values of critical U,
and U,, for the Bethe lattice at 7 = 0 were estimated as 2.39
and 2.92 [41-43]. In all calculations, A = 0.05. Hybridiza-
tion with the BCS contacts is quantified by I' = 27 psc(0)V?2,
where pgsc is the density of states in the SC baths.

To solve the effective impurity problem, we use
the full-density-matrix numerical renormalization group
method [44—47], specifically the NRG Ljubljana implementa-
tion [48,49], employing the discretization scheme of Ref. [50]
and the improved self-energy estimators of Ref. [51]. We com-
pute the results at T = 107% <« A. Residual in-gap spectral
weight is a controlled NRG artifact caused by broadening and
clipping; see Figs. 11-13, in Appendix G, for benchmarks.

II1. RESULTS

A. Surface problem

We start with the surface problem, Fig. 1(a), with U =
3.2 > U, so that for I' = 0 we recover the standard Hubbard
model in the Mott phase. In Figs. 2(a), 2(b), 2(d), and 2(e),
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FIG. 2. Normal (diagonal) spectral function .A;;(w) on linear (a) and log scale (b), and anomalous (off-diagonal) spectral function A, (w)
on linear (d) and log scale (e) at U = 3.2 > U, (I" = 0) for a range of I". The transition occurs for I'. = 0.13. (c), (f) Imaginary parts of the
(c) normal and (f) anomalous components of the self-energy. (Insets) (a) Zoom into the low-frequency region, (b) induced gap A* vs I for a
range of U > U,, and (c) the position of the § peak in the normal part of the self-energy vs I'.

we show the normal (diagonal) and anomalous (off-diagonal)
local spectral function for a range of I' [52]. At ' =0, we
find the usual Mott gap between the Hubbard bands centered
at £U/2. For small nonzero I', we observe spectral weight
transfer from the Hubbard bands to energies around A. The
spectral function drops to zero continuously at the inner gap
edges near A, with no coherence peaks, similar to the behavior
at the Mott gap edges for I' = 0. The effective spectral gap is
thus reduced from the Mott gap &~ U — 2D to a scale set by A,
which is best observed on the logarithmic scale in Fig. 2(b).
The anomalous spectral function is negative for w > 0, with
spectral weight concentrated in the region around A. All spec-
tral functions exhibit cusps at |w| = A, which originate from
the square root singularity in Xpgcs.

When T is increased further, a discontinuous change oc-
curs at some critical value I'. (for U = 3.2 at 0.13). A
proximity-induced SC gap A* with divergences at its edges
(coherence peaks) appears in both normal and anomalous
spectra. The spectral functions thus resemble those of a BCS
superconductor with a gap A* while retaining the high-energy
Hubbard bands located around +U /2. As before, all spectra
have cusps at A. The induced gap A* starts at a finite value
at ' =T, then grows as a power-law A* o« I'7 with U-
dependent exponent 1 [53] as shown in the inset of Fig. 2(b).
The bath coupling thus destroys the Mott state at I' = I'; and
immediately induces SC coherence peaks. In other words, the
emergence of a metallic solution from the collapsing Mott
state is preempted by the opening of a SC gap. At large
I, A* tends toward A. When passing through I' =T, the
anomalous spectral function has a discontinuous sign change
in the range |w| < A, see Figs. 2(d) and 2(e). The solution
found for I' < I'. will be denoted as the M phase, because
it strongly resembles the Mott solution to which it smoothly

connects in the I' — 0 limit. The solution for I > I'. will
be denoted as the S phase, because of the superconducting
coherence peaks in its spectra.

In Figs. 2(c) and 2(f), we relate the local spectral functions
to the corresponding self-energies. The key observation is that
in the M phase, the imaginary part of self-energy Im X shows
pronounced peaks inside the I' =0 Mott gap, with equal
weight and position in both diagonal and out-of-diagonal
components. These peaks arise from the characteristic Mott
insulator § peak at w = 0 (the “midgap pole”) that generates
the Mott gap [23,41,54,55]. This peak splits for finite I" into
two resonances that are symmetrically located around the
Fermi level at energy w,, see the inset to Fig. 2(c). With
increasing I' they broaden and w,, reaches a maximum value.
The mechanism that drives the collapse of the Mott phase is
that ReX at the Fermi level is no longer large enough to fully
push out the spectral density. The transition is discontinuous
and the subgap resonances in Im ¥ disappear. In the S phase,
Im X is then zero for low @ within the induced gap (the finite
noisy values in the @ — 0 range are an artifact of the method).

Further differences are found in two-electron response. In
Figs. 3(a) and 3(c), we show local charge, spin, and pairing
susceptibility [56]. The M phase is characterized by a w = 0
peak in the spin susceptibility. This is the signature of a
well-defined local moment and is qualitatively similar to the
DMEFT spin susceptibility of the standard Hubbard model in
the paramagnetic Mott phase. Charge and pairing susceptibil-
ities are suppressed in the Mott gap. In the S phase, however,
the susceptibilities are nonzero only above the induced gap A*
and there is no w = 0 peak in xspin. Additional results for the
spectral function and susceptibility are shown in Appendix F.

The expectation value of the local pairing operator T =
U (dTT dI) (i.e., defined as the pairing Hartree shift) is nonzero
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FIG. 3. (a) Local susceptibilities for I' = 0.05 and (c) I' = 0.2
with U = 3.2. We also show the diagonal component of the spectral
function A,; for reference. (b) Local pair expectation value 7 =
U(d;di‘) and (d) double occupancy U (nyn,) vs T,

for finite I', including in the M phase, see Fig. 3(b).
Surprisingly, the transition does not correspond to a sign
change of the pairing expectation value, but to a sign change
of its first derivative (slope) as a function of I". This is unusual,
because in the singlet-doublet QPT in SAIM this expectation
value changes sign. Discontinuities are also found in other
local observables, such as double occupancy Fig. 3(d), and
in thermodynamic quantities, which are consistent with a sud-
den disappearance of local moments. The latter are shown in
Fig. 4: the free energy F, the entropy S, and the expectation
value of the local moment squared of the effective impurity

F
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FIG. 4. Thermodynamic observables (free energy F, entropy S,
spin §?) of the effective impurity model at DMFT self-consistency as
a function of T" for U = 3.2 starting from an insulating initial guess.
Discontinuity in entropy is In 2, jump in spin squared is 1/4.

model at self-consistency for U = 3.2. The results are consis-
tent with the disappearance of the local moment for I' > T.

This behavior is suggestive of a first-order QPT between
states that are connected with the I' =0 phases of the
Hubbard model. The U,; Mott transition point can thus be
continued from I' =0 to finite I" in a well-defined way.
Starting from an S-type initial state, we can define U, in
a similar way. Between U, and U, we find a coexistence
region, which extends from the I" = 0 points into the (U, I')
plane as two parallel straight lines in the range of I" shown, see
Fig. 1(c). The coexistence region needs to persist to arbitrarily
large values of I', because the M and S phases are distinct
at T = 0. (With increasing T, the separation between the
lines shrinks and disappears at the critical end point of the
I' = 0 model.) The linear form of the phase boundaries can
be understood by considering the atomic limit of the problem,
which is the same as in SAIM, i.e., a single interacting level
with on-site interaction U and pairing interaction A o I'. The
lowest energy is —U /2 in the doublet subspace and — A in the
singlet subspace, thus the transition line is given by U /2 = A.
We can thus understand M to S transition as a competition
between the effective on-site interaction U and the induced
superconducting pairing.

In Fig. 5, we show the NRG renormalization group flow
diagrams in the M and S phases. A different many-body
spectrum in the two cases confirms that the phases are indeed
distinct and associated with the two different fixed points
of the superconducting Anderson impurity model (the well-
known “doublet” and “singlet” ground states). Bottom panels
show the hybridization function to emphasize that it is highly
structured and vastly more complex than the hybridization
functions that appear in the conventional SAIM modes for
quantum dot Josephson junctions, which are taken to be
featureless.

B. Josephson junction problem

We now turn to the case of a Josephson junction with a
finite phase bias ¢, represented in Fig. 1(b). The supercon-
ducting regions couple to the Hubbard layer via Xpcs, which
contains an off-diagonal component proportional to cos(¢/2).
In Fig. 6, we show the local spectral function and the self-
energy at fixed U = 3.2 in the M phase [Figs. 6(a) and 6(b)]
and in the S phase [Figs. 6(c) and 6(d)] for the full phase bias
range, ¢ € [0, 7].

In the M phase, the spectral function shows no discernible
dependence on ¢. The position w, of the § peak in the self-
energy is proportional to the effective pairing strength and
has a cos(¢/2) dependence [inset of Fig. 6(b)]. Its weight,
however, is independent of phase. At ¢ = m, the coupling of
the anomalous component to the superconductor vanishes and
the pole returns to zero. Although the self-consistency con-
dition still induces a nonzero anomalous expectation value,
which depends on ¢, see the inset of Fig. 6(a), the low-
energy region of the spectrum @ < A has no available states
on which the pairing field could act. The charge gap arises
from strong correlations rather than band structure, i.e., the
gap is sustained by strong self-energy resonances rather than
a single-particle band gap, and the resulting local moment
remains completely decoupled from the superconducting
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FIG. 5. NRG renormalization group flow diagrams of the effective impurity model at DMFT self-consistency for U = 3.2 and ¢ = 0 and
two different values of the coupling to the superconducting region: I' = 0.05 < I'. in the M-phase (left column) and I' = 0.20 > I', in the S
phase (right column). Bottom panels (c), (d) show the effective hybridization function at DMFT self-consistency for both cases. The value of
the superconducting gap is A = 0.05. Here, we use NRG discretization parameter A = 2 (instead of A = 4) for better resolution.

regions. This is a local effect that is well captured by DMFT.
There are no low-energy quasiparticle or subgap states to
support coherent pair transfer and the Josephson coupling is
suppressed to tiny values (see Fig. 8 below for an upper-bound
estimation: at least an order of magnitude suppression). This
is in contrast to conventional SIS tunnel junctions, where
Cooper pair tunneling through a band insulator still produces
a ¢-dependent ground-state energy. It is also in contrast to the
behavior of the associated magnetic (doublet) solution in the
quantum dot problem, which corresponds to the reversal of the
Josephson current [12,13,57], rather than its suppression. This
almost complete insensitivity to phase bias in the M phase is
another key result of this work.

In contrast, in the S phase, we see a clear dependence
of the spectral function and the ground-state energy on ¢.
In particular, the functional dependence of the ground-state
energy follows the short-junction formula E (¢) o cos(¢), see
Fig. 6(a). The total energy has a minimum at ¢ = 0, consistent
with the O-junction behavior of the singlet ground state in
SAIM [14]. The most noteworthy feature seen in Fig. 6(c)
is the closing of the proximitized gap in the ¢ — 7 limit,
A* — 0. The layer becomes metallic, and a quasiparticle
peak emerges precisely at ¢ = w, with 4;;(0) pinned to the
noninteracting value. This behavior is also reflected in the
low-energy scaling of the self-energy —X7, ®? in the S
phase at ¢ = 7 in Fig. 6(d), which is characteristic of a Fermi
liquid. At ¢ = 7 the anomalous part of Xpcg vanishes as
cos(¢/2), leaving a self-energy of effectively normal-state
character. Despite the gap in Xpcs and even for U > Uy, of
the isolated Hubbard layer, the DMFT self-consistency still
yields a correlated metal solution.

In Fig. 7, we analyze the anomalous spectral function A,
for U = 3.2 for the full range of phase bias ¢ for (a) I' = 0.05

(S phase) and (b) I' = 0.20 (M phase). As we sweep ¢ from 0
to 7, the magnitude of A, decreases and vanishes at ¢ = 7.
This can be understood from the form of the off-diagonal com-
ponent of the superconducting hybridization function, which
is proportional to cos ¢ /2. Note that in Fig. 7(b), for the S
phase, the maximum value max A, ~ 4 (more clearly seen
on the full vertical scale in the inset) is more than two orders
of magnitude larger than the peak values in the M phase in
Fig. 7(a), which are of order 0.01.

In Fig. 8, we plot the dependence of energy contributions
on the phase bias. The contributions of individual parts of the
system to the total energy are derived in Appendix E. The
minimum of the total energy is at ¢ = 0. For I' < I, the en-
ergy does not depend on ¢, as noted in the main text. Because
of the technical limitations of the DMFT + NRG method for
gapped problems (see Appendix G), this quenching of the
phase stiffness in the M phase can only be established within
some numerical uncertainty. More specifically, in the last
panel of Fig. 8, we plot the ¢ dependence of the total energy
on the logarithmic scale. For I' > I',, the dispersion is clearly
of E = —Ejcos(¢) type. For I' < I, the results are noisy,
and the value of E; cannot be clearly evaluated. The most
conservative estimation of the upper bound for E; consists in
taking the maximum relative value of total energy. This allows
us to show that the suppression of E; is by at least an order
of magnitude; we believe, however, that the suppression is
much stronger, but we cannot establish that conclusively using
currently available techniques. Since the Josephson current is
given directly by the derivative of the energy-phase relation,
I(¢) = (2e/h)dE /d¢, these plots directly establish that I, in
the Mott phase is suppressed in the M phase by the same
ratio as the energy-phase relation (i.e., by at least an order
of magnitude).
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FIG. 6. Phase dependence of the spectral function A;(w) and
the self-energy at fixed U = 3.2 for (a), (b) I' =0.05 (M phase)
and (c), (d) I' = 0.2 (S phase). Note the Fermi-liquid w? scaling of
the self-energy for small w at ¢ = . (Insets) (a) ¢ dependence of
total energy E(¢) with cosine fit (dashed line) and the local pairing
expectation value 7; (b) position of the § peak in the self-energy as
a function of ¢; the dashed line is w?=" cos(¢/2). (c) Induced coher-
ence peak as a function ¢/ ; the dashed line is A*?=0 cos(¢/2).
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FIG. 8. Energy of the system as a function of the phase difference
¢ at U = 3.2 (see Appendix E for the definitions). From top to
bottom: kinetic [Eq. (E1)] and potential energies [Eq. (E3)] of the
strongly correlated layer, hybridization energy [Eq. (E6)], SC baths
energy [Eqgs. (E10) and (E11)], and the total energy of the system on
the log scale, which is the sum of all contributions. Note that we plot
the energy relative to E(¢ = 0). For U = 3.2, I'. = 0.13 thus first
three lines in the legend correspond to M phase, the last four to S
phase.

IV. DISCUSSION

The two distinct phases in the proximitized Hubbard model
can be interpreted from two different perspectives: (1) as
extensions of the metallic and Mott insulating phases of
the isolated Hubbard region to finite proximity coupling I',
and (2) as the singlet and doublet solutions of the effective
quantum impurity problem (SAIM) in the DMFT picture.
While this connection may appear natural, it is nontrivial:
the self-consistency condition significantly modifies the ef-
fective hybridization function in the SAIM compared to the
conventional impurity problem, with drastic consequences. In
the quantum dot SAIM, the doublet ground state corresponds
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to a m junction that still carries a sign-reversed Josephson
current with somewhat weaker ¢ dispersion compared to the
singlet ground state [12,13]. In the lattice problem, the self-
consistency instead produces almost complete suppression of
the critical current in the M phase. The Mott charge gap
provides a qualitatively different barrier than the band gap
in conventional SIS junctions. In the Mott case, the gap is
dynamically generated by the self-energy pole structure, and
the absence of low-energy quasiparticle states means that the
superconducting phase information cannot propagate across
the barrier. This distinction between a single-particle gap and
a correlation-driven gap is fundamental and should persist be-
yond single-site DMFT, since it relies on the local self-energy
structure. Another striking effect occurs in the ¢ — 7 limit.
In the impurity problem, the doublet phase persists to arbitrar-
ily large I" at ¢ = 7 (the “doublet chimney” [37,58,59)), i.e.,
the spin cannot be screened. In the correlated junction prob-
lem, the proximitized gap in the S phase collapses, yielding a
correlated metal, while the M phase is unaffected, which is a
remnant of the doublet-chimney physics.

V. CONCLUSIONS

We have analyzed the superconducting proximity effect in
the Hubbard model in the paramagnetic regime within the
DMFT approximation. The calculation of the ground-state
energy in the junction problem reveals suppression of the
critical current in the M phase.

Several aspects of the model deserve further investigation.
We have restricted the analysis to half-filling, where particle—
hole symmetry pins the chemical potential and maximizes the
Mott gap. Away from half-filling, the Mott gap closes and
the system becomes a doped correlated metal; the interplay
between doping-induced carriers and the proximity effect is
an open question. Nonlocal correlations beyond single-site
DMEFT on finite-dimensional lattices could modify the quan-
titative phase boundaries but are not expected to alter the
qualitative distinction between the M and S phases, which is
rooted in the local self-energy structure. Magnetic ordering
could introduce additional competing phases.

Our results are directly relevant to recent experimental
platforms in van der Waals heterostructures involving Mott
insulating layers sandwiched between superconducting con-
tacts. The suppression of the Josephson current in the M
phase could be observed as an unusually small critical cur-
rent compared to junctions with noncorrelated barriers. The
coexistence region in the phase diagram implies hysteretic
switching between states with high and low critical currents
as a function of parameters that tune U /T", such as pressure or
interlayer spacing.
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APPENDIX A: INHOMOGENEOUS DMFT

Here, we show that the inhomogeneous DMFT approach
for layered heterostructures with a single active layer (i.e.,
one layer which is solved self-consistently and connected to
noninteracting leads which act as reservoirs) is mathemati-
cally equivalent to the model introduced in the main text. For
simplicity, we work with paramagnetic Hubbard model but
the results extend trivially to the case with superconducting
Nambu matrix structure describe in the following section.

Following Refs. [33,34], a layered heterostructure can be
modelled with the following Hamiltonian:

_ ¥ t
H=— 2 1ijChy oCiow = b ) iy oCio

ijo,a io,a
i
-V E (Ciayacio'ya_irl + H.c.)
io,o

(AD)

1 1
+ Z U, (niT,a — 5) (nu,a - 5)

Here, « is an integer plane index « € Z, and the label i indexes
the sites of the two-dimensional square-lattice in each plane.
The operator c; ., creates an electron of spin o at site i on
the plane o. In-f)lane hopping with parameter ¢ is restricted
to nearest neighbors only. Similarly, the interplane hopping
parametrized by V is restricted to neighboring planes. Setting
V =t would then correspond to a simple cubic lattice. The
interaction parameter U, may vary from plane to plane.

This many-body Hamiltonian can be solved using the self-
consistent inhomogeneous DMFT framework as derived by
Potthoff and Nolting [24,28,61]. In the DMFT approximation,
the self-energy is assumed to be local,

Yija(w) =8 (w). (A2)

We have used translational invariance within each plane to
write the self-energy as independent of the site index i, but
it depends on the plane index « since the system is inho-
mogeneous in that direction. We also assume a paramagnetic
solution and thus drop the spin index.

The noninteracting lattice Green’s function for the layered
system in Eq. (Al) can be written in the mixed basis of
two-dimensional in-plane momentum k! = (k,, ky) and plane
index « as

D MG+ 1= €y ay +Viarry + V1,160 5Ky, 2)
Y

= 8up. (A3)

Here, e(ﬂku is the in-plane dispersion relation for a two-

dimensional plane e('lku = —2t(cos k, + cos k,) from now on

taken to be independent of the plane index «. From Eq. (A3),
one can see that the inverse of the noninteracting lattice
Green’s function as a matrix in plane indices is a tridiagonal
matrix.
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The Dyson equation for the interacting lattice Green’s function in real-space is then

Gap(k!,2) = Gopk!. )+ ) GY (K. )2, (2)Gyp (K 2), (A4)
Y

where we have used the locality of the self-energy in Eq. (A2). The equation for its matrix elements is then
2+ 1t — Ba — a1Gap(k!, 2) +VGar1 k!, 2) +VGai sk, 2) = bup. (AS)

This is a tridiagonal system of coupled equations for the lattice Green’s function G(k, z) with indices in z direction «, 8 € Z,
which can be solved directly via continued fraction expansion [28,62]. Of course, in the actual implementation, one needs to

truncate the system to a finite number of planes labeled by « = 1, 2, ..., N and impose appropriate boundary conditions at the
edges. The local Green’s function on plane « is expressed in terms of two continued fractions L, (k', 7) and R, (K', 7) as
1
Goa(k!, 2) = (A6)

Lokl 2) + Ry (k. 2) = Zy + €
with Z,(z) = z + u — X4 (z). The left and right continued fractions for 1 < o < N are defined by the following expressions:

V2
Lo(ey, 2) = Zo(2) — € — V2 ,
Zy1(2) — €0 —
Za—2(z) - Ek“ - S ( ) V2
1(Z) — €Il —
) %(Z-F/L—le\):l:%\/(Z+M—€k\\)2—4
VZ
Ro(eg1,2) = Zo(2) — € — 77 :
Zo1(2) — €1 —
Zy12(2) — € — %)
ZN(2) — € —

%(z+/¢ G E= %\/(z+/¢ —€a)? —4
where the boundary conditions are set by assuming semi-infinite metallic leads at both ends of the interacting region

Lo(ey1,2) = Ry41(60,2) = 87 (2, 1) (A7)
with

GG e = 2t i) £ 1@+ — g — 4V, (A8)

the choice of sign in front of the square root is enforced by causality.
Now, let us consider the case of a single active layer. Using the same boundary conditions of semi-infinite metallic leads on
both sides, the matrix inverse of the lattice Green’s function from Eq. (AS5) is

81a(z — &) Vv 0
G 'kl )= 14 2+ u— i — X1(2) 1% ;
0 14 814(z — &)

using the Schur complement formula [or directly Eq. (A6)], the active layer’s local Green’s function (local in real-space) is
1
2R — 6 — 21(2) —2V2g14(z — gp)
This is exactly the same as the Green’s function of a single-layer Hubbard model with an additional self-energy term originating
from the coupling to two semi-infinite metallic leads acting as reservoirs. The last step is the sum over the in-plane momenta k!

to obtain the local Green’s function on the active layer which is performed as an integral over the noninteracting density of states
for the two-dimensional square lattice,

3 depaq(e€)
G11(Z)—/Z+M_€_21(Z)—2V2g1d(z—€). "

Instead of formulating a fully self-consistent inhomogeneous DMFT, we can simply model the effect of the electronic
reservoirs via an additional self-energy term in the lattice Green’s function (see Ref. [38]). On the level of the Hamiltonian,
this corresponds to adding a coupling to a noninteracting bath to each site of the lattice,

I_IiC =y Z(c;ai,q(, —+ HC) + Z Squqgai’q(,. (AIO)
q.0 q.0

Gnk', z) =
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Here, alT qo Creates an electron in the bath coupled to site i with momentum q and spin o and y =V is the effective hybridization

strength between the lattice site and the bath.
The Green’s function of the noninteracting bath is

1
Zoan () = ) (A1)
pal A
and the effect of the bath on the lattice Green’s function is then an additional self-energy term on each lattice site
Zha (2) = V2 gpan (2)- (A12)
In DMFT, the lattice model is mapped onto an effective impurity model. The impurity propagator is
1
Gimp(Z) = (A13)

2+ u — A (z) — By (2)

and the self-consistency condition is Gimp(2) = Gioc(2), Where Gioc(z) is the local lattice Green’s function including the additional
self-energy term from the bath.

In paramagnetic DMFT the lattice enters, the problem only through its density of states. As concerns the Mott MIT, the
detailed form of the DOS matters little [41]. For simplicity, instead of the square lattice DOS, we thus take the Bethe lattice DOS.
For DMFT calculations on the Bethe lattice, the self-consistency condition simplifies and the effective impurity hybridization
function is

Actr(2) = 12 Gloe(2) + Zhan (2), (A14)

where ¢ is the hopping parameter of the Bethe lattice. In the following, we will use the extension of this approach to the
superconducing (SC) case using Nambu formalism.

APPENDIX B: GREEN’S FUNCTIONS IN NAMBU SPACE

Defining the Nambu spinors W;\,q = (c;"qu, Cir.—qy) for the SC region and ¢, = (d;,, d;,) for the strongly correlated region,

i1’
the Hamiltonian can be written as
Hyp = ) Val@Tsving +Heed + D0 (i qVing, (B1)
q q
with hy 4 defined as
[ &q A)\
hy = <Aj{ —sq>’ (B2)
and 73 is the Pauli matrix Z. The Green’s function of the superconducting region is given by
_ 1 7+e¢ A,
(z):[zl—h,]1=—< a . (B3)
8iq rq 2 — (8(214- |A,\|2) A} Z—&q

Assuming a constant DOS pgc in the SC region with half-bandwidth Dgc, the integration over momenta q gives

2psc Dsc ( z AA)
(z) = —————arctan | ———— . . (B4)
VTS <\/|AA|2—Z2> 8 =

The effect of the SC regions on the Hubbard layer is an additional self-energy term on each lattice site

Thcs(2) = ) ViTag, ()13 (BS)
A

In the case of symmetric coupling, V;, = Vx = V, equal superconducting gaps |A;| = |Ag| = |A| and phases ¢, = —¢r = ¢/2,
this becomes

T 1 Dsc z —|A]cos(¢/2)
Zecs(z) = T iAo (\/T—_Zz) <—|A| cos(¢/2) z ) (B6)

We have defined the hybridization strength as
I = 27 psc(0)V2. (B7)

045124-9



DON ROLIH AND ROK ZITKO

PHYSICAL REVIEW B 114, 045124 (2026)

In the wide-band limit, Dsc — o0, and for ¢ = 0, we recover
the standard superconducting hybridization function for a sin-

gle SC contact,
_|A|>. (B8)

(=
N2 —|A| Z

APPENDIX C: EFFECTIVE IMPURITY MODEL,
SELF-CONSISTENCY

Ypcs(z) = —

The interacting lattice Green’s function for the Hubbard
model in Nambu space is given by
dirid_x Ve
{dxrs d—xy) ) 1

(dirs i N
(d s dide  (dly s da o
with the standard notation (A;B)y =
—1i f e O(t)([A(t), B])dt. The off-diagonal (anomalous)
elements are nonzero only in the presence of SC symmetry
breaking. For the repulsive Hubbard model considered
here, the SC symmetry breaking arises from the proximity
effect of the SC regions when I' > 0. (For the attractive
Hubbard model with U < 0, the SC symmetry breaks
spontaneously [40].)

The interacting Green’s function including the effect of the
superconducting regions is

G™'(k, ®) = wl — (ex — W73 — Zpcs(@) — Ty(K, ),
(C2)
where Xpcs is given by Eq. (B6) and g is the dispersion
relation for the Bethe lattice.
We use dynamical mean-field theory (DMFT) to solve the
interacting lattice model. The self-energy Xy (k, ) is local

Yy k, o) ~ Xy (w). (C3)

Gk, w) = (

This is an exact expression for the Bethe lattice [16]. The
effective impurity model is the superconducting Anderson
impurity model (SAIM)

H = Hipnp + Hyan + Hiyp, (C4)
Hiwp = €4y _didy +Unyny, (C5)
Hyan = Z ekCy, ko + Z(Abath,kcltTCiki +H.c.), (Co)
k,o k
Hiyyp = ka(d;ckg +Hc). (C7)
k,o

Here, €k, Apam.k, and Vi are the bath parameters to be deter-
mined self-consistently. The noninteracting Green’s function
of the impurity model in Nambu space is

Golop (@) = 01 — 6473 — Acsr(@). (C8)

The effective Weiss field G, is a matrix in Nambu space.
The DMFT self-consistency equation is

G, (@) = G l(w) + Z(w). (C9)

We use the NRG to calculate the self-energy Xy (w) of the
effective impurity model. From this we can obtain the local
lattice Green’s function Gjo.(w) using the Hilbert transform

(see next section). Using the self-consistency condition we
can then update the effective hybridization function as

At (@) = 12T3G1oc (@) T3 + Zpcs(@). (C10)

The model partly accounts for the back-action of Hub-
bard layer on the superconductors. It does not include the
local renormalization of the superconducting gap, which re-
quires adding “buffer” layers with attractive interaction and
a self-consistent calculation [25-28]. Phenomena in buffer
layers add further complexity to the problem [25] and can be
quantitatively important, but should not affect the dynamical
correlation effects in the Hubbard layer that are the focus of
this work. On the other hand, the inverse proximity effect
is fully included in our method, because the calculation is
based on an exact mapping with no further approximations,
as explained in this section. For this reason, in the section on
calculating the total system energy, we will include the cor-
responding energy terms. In other words, in our approach
we take into account the back-action at the level of Green’s
functions, but not at the level of Hamiltonian parameters.

APPENDIX D: HILBERT TRANSFORM IN MATRIX SPACE

Using the Nambu matrix form of the interaction self-
energy X (K, w), the inverse of the interacting lattice Green’s
function for the proximitized Hubbard model can be written
as

G 'k, ») = G, (k, 0) — T(k, )
= ol — (ex — )13 — Lpcs — Ly (k, w). (D1)

The effect of the SC leads is to add an extra self-energy term
Ypcs to the expression of the standard Hubbard model.

The local Green’s function is obtained by summing over all
momenta k for every matrix element,

1
Gioel@) = - ) Gk, )
k

= /dsp(s)G(a, w)

= /dSP(S)[wl—(S—M)Ts— Tpes(@)— Ty (@)] 7
(D2)
Here, p is the noninteracting DOS. Following Ref. [40], we

first perform partial fraction decomposition of the integrand.
We define

filw) =+ pn— Xn(w), (D3)

H(w)=w—pu— Zn(w), (D4)

where X;; denotes the component of the matrix X = Xy +
¥gcs inrow i and column j. Entries of the matrix G(e, @) can
then be written as

OH+e
G , = , D5
u(E, @) (1 —&)2+¢&)— XXy 03)
212
Gu(e, w) = (D6)

(G =)o +e)— Ty’
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o1

G , = , D7
218, @) (&1 — &)+ &) — X123y ©7
Gn(e, ) = h-e . (D8)
(&1 — &) +e)— Ty
The roots of the denominator are
er =301 — £ V(@ + )P —4TpTy) (DY)

and the partial fraction decomposition yields

O+ et O +e-
Gii(e,w) =
(64 —e-)er —¢)  (e- —eq)(e- —¢)
A B
L L (D10)
&L —¢& &_—¢
z )
Gi(e,w) = = + 12
(6+ —e)er —€) | (e- —e4)e_ —¢)
A B
=2 4 7 (D11)
gL —& &_—¢
¥ )
G21(8, w) _ 21 21
(e —e_)(er —¢)  (e- —eq)(e- —¢)
A B
_ A B ’ (D12)
&L —¢& &_—¢
G (. ) = & — &y & —e-
(6 —e)er —€) | (e —eq)e_ —e)
A B
_An , O» (D13)
gL —& &_—¢

where we have defined A;; as

>
Ay = §2+_<9+’ Ap = 2 (D14)
Ey — &€ Ey — &
Z —
A= —2 ap=ST5 )
g4 —e_ £y — &

and B;; are obtained from A;; through the replacement &, <>
&,

&+ e X2
By = , Bp= , (D16)
E_ — 8+ E_ — 8+
> —&_
By = 2 g, STE (D17)
e_ —&y e_ —ey

The integral in Eq. (D2) can now be performed using the
standard Hilbert transform defined as

Hfz) = f de f(gi.

—00 -

(D18)

The final expressions for the components of the local
Green’s function are

[Groc(@)]11 = AnHIpl(e4) + BuH[pl(e-), (D19)
[Gloc(@)]12 = AH[pl(e4) + BiaH[pl(e-), (D20)
[Groc(@)]21 = A2 H[pl(e4) + BarH[pl(e-), (D21)
[Gloc(@)]o2 = A H[pl(e4) + B H[pl(e-). (D22)

For Bethe lattice DOS, the Hilbert transform can be evaluated
analytically as

1
Hpl(z) = ﬁ(z — isign(Im(z))v/ 42 — 72). (D23)

APPENDIX E: ENERGY OF THE LATTICE MODEL

The expectation value of the Hamiltonian can be expressed
in terms of local quantities obtained from the DMFT solution.
It has four contributions: the kinetic energy of the strongly
correlated region, the interaction energy of the strongly cor-
related region, the coupling energy between the strongly
correlated region and SC regions, and the energy of the bulk
SC regions.

The kinetic energy per site of the strongly correlated region
can be written as [16]

Exin

= TTr/ds,o(e)eG(s,iwn), (ED)

where G is the local Green’s function, w, are the fermionic
Matsubara frequencies, and the trace is both a Matsubara
index summation and a matrix trace in Nambu space. On the
real-frequency axis, this becomes

Exin e 1
:2/ dww(w)/de,o(a)e(—;)lm [G(e, @)1,

N
(E2)

where the factor of 2 accounts for both spin species, ny(w) is
the Fermi-Dirac distribution function, and G(g, w) is the full
interacting lattice Green’s function.

The interacting energy per site of the strongly correlated
region can be calculated directly from the expectation value
of the interaction term,

Eim
N

U
= ﬁ Z(nmnii) = U(l’lﬂ’li)- (ES)

For the coupling term between the strongly correlated re-
gion and the SC regions, we need the expression for the mixed
Green’s function. Using the equation of motion (EOM), this
can be expressed as

Guin(q, ©) = (i, ¥, Vo = ViGrocTsgy g, (B4

where G is the local Green’s function of the strongly corre-
lated region and g; 4 is the Green’s function of the SC region
given in Eq. (B4). The expectation value is

Ehyb, sC

o 1
- = Z 2V)\2/ da)nf(a))(—;)lmTr[Gr3g,\13].

A=L,R -
(ES)
Using the symmetric choice of V; and A, as before, this
becomes

E [o¢]
% = 2[ da)nf(a))<

o0

1
— ;)Im Tr[Gioc (@) Zpcs(w)].
(E6)
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The SC region contributions can be divided into normal
and anomalous (HECS) = (HECS) + (HECS) as

iA,n il,a
Hllicns Z Sq l)\, qo Cix, qa (E7)
(HES) = Z(AA ChoqtCh_q) +HC). (E8)
q

This needs to be evaluated by taking into account the coupling
to the strongly correlated, even if we otherwise neglect the
back-action of the interacting layer (the neglect of back-action
merely implies that the SC Hamiltonians are fixed, rather than
being self-consistently updated, but the inverse proximity ef-
fect is fully included in our calculation). The dressed Green’s
function of the SC reservoir is (using EOMs)

g)\’q(z) = gx,q + V)ng)\,qr:;GlOCT:%g)\,qv (E9)

where g; , is the (bare) reservoir Green’s function [see
Eq. (B3)], and Gy, is the local Green’s function of the
strongly correlated region. Considering only the second term,
which arises from the coupling to this region, we get for the
normal component

(Hllicns) = ZVZ/da)nF(a))

1
X / dep(8)8<—;>lm [83.qT3G10c T385 o I11
(E10)

and the anomalous component
(HSS) =2V / dongp(w)

1
X /d80(8)Ax (—;)Im [83,q73G10c T38, g 12
(E11)
For completeness, we evaluate the constant energy for the
isolated SC region (i.e., in the decoupled limit, V, — 0). We

use Green’s functions in Eq. (B3) evaluated at fermionic Mat-
subara frequencies. The first term (normal component) is

HECS) 0 o, 1 &4
l)\.n - ZZ (ia)n)z _ (8(21 + |A)\|2)

8(21 ,3,/84214- [ A2

=—Z—tanh _— |
o JE2 1AL 2
(E12)

here, B = 1/T is the inverse temperature. For flat DOS and
T = 0, this becomes

(H5SS) = ! e de ’ (E13)
o 2Dsc —Dsc g2 + | Ay
=— ! Dscy/D3c + | A, )2
2D s¢
D
- |A,\|2arcsinh<£>i|. (E14)
[ Ayl

The second term (anomalous component) is

(HECS) = 2|AA| ZZ elon0”
i (iwn)? — (62 + A7)

1A, 2 By/eq + A4
—Z tanh | ———
NCEAISE 2

At T = 0 and for flat DOS, this becomes

AP D
<H£CHS) = —Qarcsinh =€),
’ Dsc [A

The final expression for the BCS energy per site (for both

regions) is then
A2 D
— /D3 + A2 - |D—|arcsmh( |Z?). (E17)

SC

(E15)

(E16)

<HBCS>

APPENDIX F: SURFACE PROBLEM: I' DEPENDENCE

In Fig. 9, we show [panels (a) and (b)] the normal spec-
tral function, A;; = —Im Gy /7, and [panels (c) and (d)]
the anomalous local spectral function, Ay, = —Im Gy, /7, of
the strongly correlated region for U = 2.6 > U, (I' =0) at
¢ = 0 for a range of I" for both insulating and metallic initial
guesses. As discussed in the main text, starting from an insu-
lating (more M-like) initial guess, we find a M-phase solution
forI" < ', & 0.03 and an S-phase solution for I" > I'... Start-
ing from a metallic (more S-like) initial guess, we find the
S-phase solution for all values of I'. These findings are con-
sistent with the interpretation that the M phase is essentially
a Mott-insulator solution with weak induced pairing correla-
tions, while the S phase is essentially a metallic solution with
proximitized gap.

In Fig. 9, we also show [panels (e) and (f)] the diagonal
and [panels (g) and (h)] the off-diagonal components of the
self-energy, " = Im X, for the same cases. The self-energy
in the insulating state for I' = 0 shows a § peak at =0,
characteristic of the Mott insulating state [21,23,41,55]. As
I' is increased, the peak is split into two resonances that move
away from zero. At the critical value I, the peaks disappear
completely and the self-energy drops to zero (up to numerical
artifacts) for frequencies inside the induced gap.

In Fig. 10, we show local spin and charge susceptibilities
for two different values of the interaction strength: U = 2.4,
which is never in the M phase, and U = 3.1, which shows
a transition at I'. & 0.11. The plots complement Figs. 3(a)
and 3(c) from main text. Note that they are here shown on
a log-log scale and without the 1/w factor.

APPENDIX G: DEPENDENCE OF THE RESULTS ON
TECHNICAL NRG AND DMFT PARAMETERS

Unless stated otherwise, we choose the discretization pa-
rameter A = 4, average the results over four discretization
grids N, = 4 and keep the states with energies up to £ = 12 in
units of rescaled energies, but never less than 600 states. This
holds for the calculations presented in the main text as well as
for the benchmarks discussed in this section.

045124-12



STRONGLY CORRELATED JOSEPHSON JUNCTION: ...

PHYSICAL REVIEW B 114, 045124 (2026)

insulating start

metallic start

At (b)
- P
10—t — \
1 1
A1z (d)
| % ' [
1010 | 1 | | ﬂ | | 1 l
-3 B& (e) £)
T / T /\
10-10 E— ] ] 1 = - ] 1 ]
N
12 (®) - (h)
9 \/\ — 0.0 — 0.06
107 % = —_ —— 0.01 — 0.08 \
\] m — 0.02— 0.1 %&VW
— 0.04 0.35
10_10 | = | | 1
10-8 10~ 104 10~2 100 10-8 10~ 104 102 100
w w

FIG. 9. Normal (diagonal component in Nambu space) local spectral function .4, and anomalous (off-diagonal component in Nambu
space) local spectral function A5, as well as the corresponding imaginary parts of the self-energy, £}, and X{,, for U = 2.6, A = 0.05, and
¢ = 0 at various I". (Left column) Results starting from an insulating initial guess. (Right column) Results starting from a metallic initial guess.

Note that U belongs to the coexistence region, U,y < U < U.

To obtain the effective bath parameters for the impu-
rity model, we use the discretization scheme described in
Ref. [50]. This approach allows one to discretize general hy-
bridization functions with off-diagonal components in Nambu
space. Our implementation of this algorithm in the Julia

Im Xspin

108

10-8 10-6 100

programming language is available from the GitHub reposi-
tory [63].

Because of its nature, NRG performs best for ungapped hy-
bridization functions, where the discretization yields Wilson
chains with conventional asymptotic behavior of the hopping

Im Xspin

10-1
10—4

107

10—10

Im Xcharge

100 -

108

10— 10~2 100

w

10-6

FIG. 10. Spin and charge susceptibility for U = 2.4 (left column) and U = 3.1 (right column) for several values of I'. For reference we

also plot the spectral function A;; (dashed lines).
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FIG. 11. Spectral function dependence on temperature and the
clipping of the bulk BCS hybridization function. Model parameters:
U = 3.2, hybridization strength (a), (b) ' = 0.05 < ', (¢), (d) [ =
0.2 >T..

constants (monotonic exponentially decreasing as A~"/?).
Frequency ranges where the hybridization function has low
values (i.e., spectral gaps) lead instead to unusual scaling of
the Wilson chain coefficients that breaks energy-scale separa-
tion, potentially resulting in artifacts in the computed spectra.
For this reason, and to fix possible numerical causality vio-
lations, one needs to perform “clipping”, i.e., restoring the
values of the self-energy or the hybridization functions to
appropriate minimal values of the correct sign. The threshold
value needs to be chosen carefully. A too low clipping value
may result in uncontrolled artifacts, while a too high clipping
value will introduce spurious density of states in the gaps.
A compromise must be made. Consequently, one can never
obtain a truly gapped solution with zero density of states in-
side the gap, but instead some residual, and potentially noisy,
values. In this work, we have implemented the clipping at
the level of self-energy. For a matrix-valued self-energy X we
define its spectral representation as

Az (o) = —ﬁ[Z(a) +in) — T + in)]. (G1)
Causality requires that the matrix Ay (w) is positive semi-
definite for every w. Equivalently, its eigenvalues A;(w) are
nonnegative. We perform the clipping by diagonalizing Asy
and requiring that A; > e, Where €g;p is the clipping value,
typically set to 10~7. After obtaining the clipped spectral
representation, we can reconstruct the value of the self-energy

0

w

FIG. 12. Spectral function dependence on the broadening param-
eter o, the number of discretization grids N, the minimum value of
states kept in NRG Ny, and discretization parameter A. If not spec-
ified in the legend for their respective plots, the NRG parameters are
a =0.6,N, =4, Ny = 600, A = 2. Model parameters are U = 3.2,
r=0.2.

using the Kramers—Kronig transformation

clip,
P () = / dw’w + X(c0); (G2)
w+1in — o'
the last term is the constant Hartree shift of the self-energy.

Another reason for obtaining a finite density of states inside
the gapped regions is spectral broadening. The raw results of
NRG consist of § peaks that need to be broadened into a con-
tinuous spectral function. Typically one uses a log-Gaussian
function with a width that is proportional to the frequency.
The overall width is controlled by parameter «. To be able to
reduce ¢, one makes use of twist averaging, i.e., one performs
the NRG calculation for several interleaved discretization
grids, then the results are averaged. This is controlled by
parameter N,, the number of interleaved grids. The method
works best when N, is a power of 2, with commonly used
values of 2, 4, and 8, which represent a good compromise
between the improvement in spectral resolution and compu-
tational requirements.

To assess the expected magnitude of artifacts caused by
clipping and broadening, we perform benchmark calculations
using the variable NRG parameters. The key finding is that the
NRG artifacts are similar as finite-temperature effects. The
effective temperature is much lower than the spectral gap,
thus in practical calculations the gaps can be unambiguously
identified and quantified without difficulty.

In Fig. 11, we first show the dependence of the local
spectral function on (true) temperature and clipping of the
superconducting self-energy Xpcs for I' = 0.05 [panels (a)
and (b)] and I = 0.20 [panels (c) and (c)]. The values at
low frequencies do not depend on temperatures as long as
T < A. We find some differences between the two cases. In
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the S phase the deviations from the 7 = 0 results are observed
starting from T ~ 4 x 10~ for clipping parameter 107>. By
reducing the value of the clipping parameter, the .4;; values
in the gap can be reduced by several orders of magnitude, see
panel (d). In the M phase, the saturated values are higher and
cannot be much reduced.

We also checked how the results change with the broad-
ening parameter « and the number of discretization grids N.,.
At low frequencies (see insets in Fig. 12), the results are the
same for all parameter values; at higher « the superconducting
coherence peak becomes less sharp. For small values of NV,
we observe oscillatory artifacts in A;;—these can be fixed by
using a higher value of « at the cost of overbroadening. All
other results in this paper were computed with « = 0.3 and
N, =4.

To update the hybridization function A between succes-
sive DMFT iterations we used linear mixing to stabilize
convergence. This was especially important close to the phase
transition. For values (U,T") close to the lines U, and
U., in Fig. 1, we typically mixed 10% of the new A and
needed several hundred iterations to obtain fully converged
solutions.

Close to the transition, calculating the position of the §-
peak in the self-energy is numerically sensitive. In Fig. 13(a),
we show the dependence of w,, on the broadening parameter o
at U = 3.2. In Fig. 13(b), we plot w, at o = 0.3 for multiple
values of U.

0.010 [~
o8
3 0.005 [~
6-0-0.9
0.000 < 1 1 1 1 1
0.00 0.02 0.04 0.06 0.08 0.10
r
()
0.010 [~
3
0.005 [~
U
2-3.09-3.2-034
0.000 ¢ ] 1 1
0.00 0.05 0.10 0.15
r

FIG. 13. Position of the § peak in the self-energy X, as a
function of I'. (a) Coulomb repulsion U = 3.2. The differences
here represent broadening artifacts: a wide log-Gaussian broadening
kernel shifts spectral peaks towards lower values. The discontin-
uous features are also technical artifacts. (b) Results for a range
of U. Broadening parameter o = 0.3. The differences for low-I"
represent physical effects, while at higher I' we observe artifacts at
U-dependent positions.
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