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Abstract. We consider a triple quantum dot system in a triangular geometry with one of the dots connected to metallic leads. Using Wilson’s numerical renormalization group method, we investigate quantum
entanglement and its relation to the thermodynamic and transport properties in the regime where each
of the dots is singly occupied on average, but with non-negligible charge ﬂuctuations. It is shown that
even in the regime of signiﬁcant charge ﬂuctuations the formation of the Kondo singlets induces switching
between separable and perfectly entangled states. The quantum phase transition between unentangled and
entangled states is analyzed quantitatively and the corresponding phase diagram is explained by exactly
solvable spin model. In the framework of an eﬀective model we also explain smearing of the entanglement
transition for cases when the symmetry of the triple quantum dot system is relaxed.

1 Introduction
Creation of entangled states is essential for quantum computation and communication where most qubit operations
cannot be performed through the manipulation of separable states [1–4]. Two electron spin qubits, each localized in
one of two adjacent semiconductor quantum dots (QDs),
can be coupled via the Heisenberg exchange interaction
due to virtual electron tunneling between the dots [5,6].
Following the analysis of the use of entangled electron
spin pairs in solid-state structures [7], an intense activity was aimed toward understanding the physical mechanisms that produce spin-entangled electrons in mesoscopic
conductors.
The coherent manipulation of a single electron spin in
a QD and the controlled correlation of two spins located
in isolated dots have already been demonstrated experimentally [8]. Three coherently coupled quantum dots with
three spins attracted interest in the hope to construct a
qubit using purely electrically gated manipulations [9,10].
Most recently, for a triple quantum dot (TQD) structure
it was shown that bipolar spin blockade can become a
relevant quantum coherent mechanism [11].
The interaction of qubit pairs with the environment is
in general a complicated many-body process and its understanding is essential for experimental and theoretical solidstate qubits [12–16]. Such a system is often represented by
a two-level system, or spin-1/2, interacting with an otherwise homogeneous, and often one-dimensional medium
with gapless excitations. Some versions of this model
a
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are equivalent to the Kondo model, motivating studies
of ground state entanglement of an impurity spin with
the conduction electrons and the role of the Kondo effect. Entanglement can also be generated by scattering of
strongly interacting electrons [17] or in traps of surface
acoustic waves [18]. In general the entanglement can be
easily expressed exactly in terms of the impurity magnetization [12–16,19–25]. It was found that the Kondo eﬀect
plays a signiﬁcant role in spin qubit double-quantum dot
(DQD) [19–21].
The description of electrons by the spin degrees of freedom alone is a simpliﬁcation valid when the electrons are
localized and the charge ﬂuctuations are negligible. In general, in any realistic solid-state device, spin entanglement
is closely connected to the orbital degrees of freedom of the
carriers which can be traced out if not measured [26,27].
The production and manipulation of spin qubit pair
entanglement has been in TQDs studied for various QD
conﬁgurations and mechanisms [28–31]. The transport
properties of TQDs in various conﬁgurations have also
been investigated [32–41]. In a serial TQD, diﬀerent
Kondo regimes can be sampled by measuring the conductance. The transition from local-moment to molecularorbital regime can be observed in the evolution of correlation functions [32]. A sizable splitting of the Kondo
resonance and a two-stage screening of the magnetic moment was found in a TQD system containing a central
dot attached to the leads [35]. The inter-dot hopping introduces the Kondo-assisted transport and may induce a
quantum phase transition [37,38]. The possibility of a robust underscreened Kondo eﬀect in TQD has also been
recently discussed [41].
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Fig. 1. Triple quantum dot system attached to the leads.

In this work we concentrate on the inﬂuence of thermodynamic and transport properties on the entanglement of
electrons conﬁned in three adjacent quantum dots forming a triangle and with one of the dots attached to two
metallic leads, Figure 1. We show that by breaking the triangular symmetry of the system one can change superexchange interactions and the entanglement of electrons, but
on the other hand, the coupling to the leads induces the
Kondo cloud which can switch the inter-dot spin-spin correlations due to the interplay between various Kondo-like
ground states. We report here how the Kondo interaction
can lead to either a collapse of entanglement or can generate fully entangled states between the dots. The results
diﬀer from those most typical in the DQD conﬁgurations
in which the Kondo interaction reduces the entanglement
between the DQD qubits [19–21].
The outline of the paper is as follows. Section 2
presents the model and the numerical renormalizationgroup (NRG) method. Section 3 introduces a measure of
entanglement. In Sections 4 and 5 the main results of the
paper are presented, with numerical analysis summarized
in a phase diagram on an entanglement switching in the
considered TQD system.

2 Model and method
We consider a solid-state qubit system built from three
quantum dots attached to non-interacting leads, as is
shown in Figure 1. We model the system by the threeimpurity Anderson Hamiltonian and we are interested in
the regime, where each of the dots is singly occupied.
The Hamiltonian consists of three parts: H = Hd +
Hlead + Ht . The isolated dots are described by

 †

 
Hd =
tij d†iσ djσ + h.c. ,
i di di + U
niσ ni,σ̄ +
i

i

i<j,σ

(1)
is the occupation of dot i ∈ {A, B, C}
where niσ =
with spin σ. Only one energy level i =  is taken into
account in each quantum dot – other levels are assumed
to be much higher in energy. Parameter U describes the
Coulomb interaction between two electrons in the same orbital. We use compact notation for the hopping integrals:
t1 = tAC , t2 = tAB , and t3 = tBC , Figure 1. The dot C is
coupled to the left (L) and the right (R) electrode,

 
Ht =
Vα c†αkσ dCσ + h.c. ,
(2)
d†iσ diσ

α,k,σ

and Vα is the tunnel matrix element between lead α and
dot C. Electrons in the leads are described by a noninteracting Hamiltonian

  †
k cαkσ cαkσ + h.c. ,
Hlead =
(3)
α,k,σ

where k with wavevector k is single-electron energy.
d†iσ (diσ ) and c†αkσ (cαkσ ) are the creation (annihilation)
operators in the dot and in the lead, respectively. The
leads have constant density of states ρ = 1/(2D), where
D is the half-bandwidth of the conduction band.
 The hybridization strength is Γ = πρ |VL |2 + |VR |2 . Throughout this paper we assume VL = VR .
To properly describe the Kondo eﬀect [42–45], impurity problems need to be solved using nonperturbative
methods which correctly describe the screening of the
impurity spin by the conduction-band electrons at low
temperature scales. One such method is the numerical
renormalization-group (NRG) [42,43,46–48]. It consists of
a logarithmic discretization of the continuum of states of
the conduction-band electrons, followed by a mapping to
a one-dimensional chain Hamiltonian with exponentially
decreasing hopping constants. As a consequence of these
transformations, the hopping along such Wilson chain decreases exponentially, tn ≈ Λ−n/2 , where Λ > 1 is the
discretization parameter and n is the index of the site
in the chain. This provides the opportunity to diagonalize the chain Hamiltonian iteratively and to keep only
the states with the lowest lying energy eigenvalues, since
the energy scales are separated (matrix elements between
the states on vastly diﬀerent energy scales are very small,
thus may be neglected). Knowing the energy eigenstates
and eigenvalues, we can calculate thermodynamical and
dynamical quantities directly (e.g., spectral functions using their Lehmann representation). The method is reliable
and rather accurate, easily generalizable to a range of different quantum impurity problems, including those with
multiple impurities and several continuum channels.
The NRG calculations in this work were performed
with a discretization parameter Λ = 2, four values of the
twist parameter z to remove the discretization artefacts
(oscillations in spectral functions) [49,50] and the truncation energy cutoﬀ of Ecutoﬀ = 10ωN , where ωN is the
characteristic energy scale at the N th NRG iteration; such
cutoﬀ is suﬃcient to guarantee the convergence of both
thermodynamic and spectral properties. In this work we
used the NRG Ljubljana code [44]. This package is an implementation of the NRG using Mathematica and C++.
The Mathematica part of the code is used for the initialization of the problem: using an input of Hamiltonian and
operators of interest in the form of second-quantization expressions, it automatically generates the eigenvalues and
eigenvectors in all symmetry-adapted subspaces of the full
Fock space, as well as the matrix representations of all required operators. These are then used as the input to the
numerically intensive part of the calculation programmed
in C++, which performs the iterative diagonalization and
the transformations of operators, as well as the evaluation
of the measurable quantities (expectation values, spectral
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weight distributions). The problem discussed in this work
is a three-impurity single-channel quantum impurity problem which can be analyzed using relatively modest numerical requirements.

3 Thermal entanglement
The ability to entangle and to keep the entanglement of
qubit pairs is one of the main challenges in quantum information processing tasks such as, e.g., dense coding, quantum cryptography, qubit teleportation or quantum computation. In general, it is quite common to ﬁnd states that
are at least to some extent entangled. To induce perfect
entanglement of two isolated qubits (in a pure state), there
are several possible approaches. In practice, however, the
main challenge is to keep the states entangled also in the
presence of the environment, in particular due to the effects of elevated temperature, ﬂuctuating magnetic ﬁelds
and the exchange and ﬂuctuation of charge. For a pair of
qubits, realized in a double quantum dot (DQD) system, it
has been shown that the entanglement can be very robust
in the presence of charge ﬂuctuations as long as the temperature is suﬃciently below the eﬀective superexchange
interaction among the qubits [19–21,26,27]. On the other
hand, in the presence of external leads the formation of a
many-body Kondo state is found in very low temperatures
as a crucial mechanism responsible for the suppression of
the entanglement.
Recently it was shown that in isolated TQD the entanglement is generated in the subspace of doublet states with
diﬀerent pairwise spin correlations for the ground and excited states [51]. The mixing of the states with an opposite
spin orientation always monotonically destroys entanglement. Moreover, rotating an external electric ﬁeld can create maximally entangled qubit pairs together with a separate spin that survives in a relatively wide temperature
range providing robust pairwise entanglement generation
at elevated temperatures.
Our main goal is to analyze the stability of the entanglement of such a TQD system coupled to external charge
reservoirs, i.e., conducting leads. While a similar study of
DQDs has shown that at low temperatures and low magnetic ﬁeld the Kondo eﬀect acts as a source of entanglement destruction [19–21,26,27], here – on the contrary –
the Kondo eﬀect can induce perfect entanglement. Since
the qubits are represented by electron spin, it is crucial
that particular quantum dot is precisely singly occupied
and with minimal charge ﬂuctuations. While in an analogous DQD systems such perfect single occupancy can easily be achieved, here due to the lack of the particle-hole
symmetry, single occupancy is achieved only to a good
approximation niσ  ≈1, while the total occupancy of
TQD is set exactly to iσ niσ  = 3 by tuning the model
parameters.
We here quantify the entanglement by the Wootters
concurrence [52,53], for a pure two-qubit state |AB =
α↑↑ |↑↑ + α↑↓ |↑↓ + α↓↑ |↓↑ + α↓↓ |↓↓ customarily deﬁned by CAB = 2|α↑↑ α↓↓ − α↑↓ α↓↑ |. Two qubits are fully
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entangled, CAB = 1, if√they are in one of the
√ Bell states,
given by (|↑↓ ± |↓↑)/ 2 or (|↑↑ ± | ↓↓)/ 2.
In TQD, considered here, the qubits are coupled to a
fermionic bath, therefore the two-qubit system AB is in a
mixed state and an appropriate generalization for concurrence is given in terms of the reduced density matrix by
the Wootters formula [52,53]. Moreover, there are also signiﬁcant charge ﬂuctuations in our system, thus the state
may be outside the simple manifold of spin degrees of freedom. In any real system such charge ﬂuctuations, as well
as the coupling to the environment, are unavoidable and
an interesting question arises: how do the deviations from
the ideal case – pure spin system decoupled from external
leads – inﬂuence the entanglement?
The concurrence can still be meaningfully and consistently deﬁned for systems of the type considered here. In
presence of axial spin symmetry, i.e., conserved square of
the total spin z-axis projection, the concurrence can be
given in a closed form in terms of two-electron correlation
functions [19–21,26,27],


max 0, C↑↓ , C||
CAB =
,
(4)
P↑↓ + P||
 + − 
C↑↓ = 2  SA
PA↑ PB↑
PA↓ PB↓ ,
(5)
SB  − 2
 + + 
SB  − 2
C|| =  SA

PA↑ PB↓

PA↓ PB↑ ,

(6)

P↑↓ = PA↑ PB↓ + PA↓ PB↑ ,

(7)

P|| = PA↑ PB↑ + PA↓ PB↓ ,

(8)

where Si+ = (Si− )† = c†i↑ ci↓ is the electron spin raising
operator for dot i = A, B and Piσ = niσ (1 − niσ ) is
the projection operator onto the subspace where dot i
is singly occupied by one electron with the spin σ. P||
and P↑↓ are probabilities for the spins to be aligned in
the same (parallel) and opposite (antiparallel) directions,
respectively. This formalism is also applicable for the concurrence between other dots, e.g. CCA (concurrence between the dot C with the dot A) and CCB (concurrence
between the dot C with the dot B). The required expectation values (spin correlators) can easily be computed using
the NRG results at both zero and ﬁnite temperatures.

4 Results
4.1 Thermodynamic quantities and transport
In order to better understand the nature of the creation of
the entanglement studied in this paper we also calculate
several thermodynamic properties as follows.
(1) The temperature-dependent impurity contribution to
the impurity magnetic susceptibility [42,43]
χimp (T ) =


(gμB )2  2
Sz − Sz2 0 ,
kB T

(9)
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G(T ) = G0 πΓ

+∞

−∞



∂f
AC (ω, T ),
dω −
∂ω

(11)

where G0 = 2e2 /h is the conductance quantum, f is
the Fermi function, and AC (ω, T ) is the spectral function on the impurity C.

4.2 Expected regimes
Before presenting and discussing numerical results, it is
worth recalling expected regimes. The behavior of the considered TQD system at various temperatures and interimpurity couplings is governed by the proximity to one
of the following regimes: (i) three independent local moments; (ii) frustrated antiferromagnetic Heisenberg 3-sites
ring, as the simplest representative of clusters exhibiting
frustration and with signiﬁcant generic features of many
complex molecular systems in which various interactions
participate; (iii) antiferromagnetic spin chain with total
spin S = 1/2; (iv) inter-impurity singlet formation between dots A and B (with a decoupled spin-1/2 local
moment at dot C); (v) inter-impurity triplet formation
between dots A and B; (vi) single-impurity Kondo-eﬀect
at dot C (with two decoupled spin-1/2 local moments);
(vii) two-stage Kondo-eﬀect, with the ﬁrst-stage screening process of dot C and the second-stage screening of
S = 1 between dots A and B as a result of the reducing the net spin from S = 1 to S = 1/2; (viii) two-stage
Kondo eﬀect (TQD has the local spin S = 3/2): the ﬁrststage screening of S = 3/2 and reducing the net spin from
S = 3/2 to S = 1, and the second-stage screening of S = 1
to S = 1/2.
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where E = H = Tr[H exp(−H/kB T )] and F =
−kB T ln Tr[exp(−H/kB T )]. This quantity describes
the eﬀective number of degrees of freedom of the impurity cluster.
(3) Thermodynamic expectation values of various operators such as the on-site occupancy ni , local charge
2
ﬂuctuations (δni )2 = n2i − ni  , and spin-spin
correlations Si · Sj .
(4) The electronic transport between the leads through
dot C, making use of the Meir-Wingreen formula [54]

Charge fluctuations

(10)

Entropy

(E − F ) (E − F )0
−
,
T
T

Susceptibility

Simp (T ) =

1

Conductance

where Sz is the z component of the total spin of the
whole system, while . . . means the thermodynamic
expectation values. The ﬁrst expectation value refers
to the system with dots, while the second (with the
subscript 0) refers to the system without dots; μB is
the Bohr magneton, g is the g-factor, and kB is the
Boltzmann constant. It should be noted that the combination kB T χimp (T )/(gμB )2 can be considered as
the eﬀective magnetic moment of the impurity cluster.
(2) The impurity contribution to the entropy [42,43]

Probabilities
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Fig. 2. Left panel: concurrence, (a), spin-spin correlations,
(b), probabilities for parallel and antiparallel spin conﬁguration, (c), charge ﬂuctuations, (d), entropy Simp /kB , (e), susceptibility kB T χimp (T )/(gμB )2 , (f), and conductance at temperature T = 10−6 D, (g), as a function of t2 /D for U/D = 0.1,
Γ/D = 0.01,  = −U/2, t1,3 /D = 0.01. Right panel (h)−(n):
results as in the left panel, but as a function of Γ/D for
t2 /t1 = 0.5.

4.3 Numerical analysis
The entanglement properties of a dimer incorporated in an
interacting system primarily depend on the spin properties
of the side-coupled dots A and B. Our numerical analysis of the spin-spin correlation functions demonstrates a
very robust singlet-triplet transition between the dots A
and B, signaled by discontinuity of all system properties,
see Figure 2. The two regimes are separated by a ﬁrst
order quantum phase transition (level crossing) as a function of t2 /t1 which determines the ground state of the isolated TQD [35,37,38,41]. The same quantum phase transition has been previously found in a double quantum dot
(DQD) system modeled as a pure spin system [55]. Entanglement properties of a qubit pair formed by spins on
adjacent quantum dots are closely related to the spin-spin

Eur. Phys. J. B (2014) 87: 145

correlations [26,27] therefore transitions between diﬀerent
spin conﬁgurations play a crucial role.
We ﬁrst consider the strongly correlated regime with
U = 10Γ at temperature below the Kondo scale (essentially we are in the T = 0 limit). Each of the dots is
almost perfectly singly occupied. It should be noted that
contrary to some DQD systems here exact average single
occupancy of identical dots in general cannot be achieved
for a common value of  since the system is asymmetric
and, furthermore, it is not particle-hole symmetric due to
the lack of bipartiteness of the lattice. Expectation values . . . in the concurrence formula equation (4) correspond to the thermal equilibrium of the system and con+
+
sequently SA
= 0. In vanishing magnetic ﬁeld, the
SB
concurrence formula (4) simpliﬁes further to




CAB = max 0, −2 SA · SB  P↑↓ + P|| − 1/2 . (12)
Therefore, the concurrence is signiﬁcant with increased
spin-spin correlations in the range −3/4 ≤SA ·SB  ≤ −1/4.
In Figure 2a we show the concurrence between the adjacent dots for a symmetric conﬁguration with t1 = t3 .
As expected, there are two regimes of interest, depending
on the inter-dot couplings (t2 higher or lower compared
to a transition value t2c ), similar to the result of a recent
analysis of thermal entanglement of isolated TQDs [51].
On one hand, for t2 > t2c we get perfect entanglement between the dots A and B, which are antiferromagnetically coupled, Figure 2b. Critical interdot coupling t2c is equal to t1 for decoupled quantum dots, Γ = 0,
and is slightly renormalized due to the coupling to the
leads [35,37,38,55]. For increasingly large coupling t2 , the
spin-spin correlations diminish due to charge ﬂuctuations,
Figure 2d, which reduce the probability for single occupation of the dots, Figure 2c. Interestingly, signiﬁcant
charge ﬂuctuations δn2C do not inﬂuence the sharp transition of the concurrence, which actually remains constant
CAB = 1 up to very large values of t2 /D. This means that
two electrons would form a perfectly entangled qubit pair
if extracted one from the dot A and the other from B.
The dot C is in the Kondo regime with electrons in the
leads and it is eﬀectively decoupled from the other two
dots. Similar behavior, known as a dark-spin state, occurs
in a TQD ring in the presence of an in-plane electric ﬁeld
due to decoupling of the spin in one of the dots [29–31].
On the other hand, for t2 < t2c , the concurrence is
zero and ferromagnetic correlations between dots A and B
dominate, forming an eﬀective S = 1 impurity at low temperatures which undergoes partial Kondo screening [41],
yielding a residual uncompensated spin-1/2. This is a realization of the Kondo underscreening, well known from
the single-channel spin-1 Kondo model.
In addition to the concurrence, spin and charge correlation functions, abrupt changes also occur in thermodynamic properties, which provides additional insight into
the underlying physical picture. In particular, in Figure 2e
we show the entropy change from Simp /kB = ln 2 to
zero and the susceptibility from χimp = 1/4 to 0, Figure 2f. These changes are characteristic for a transition

Page 5 of 8

from a doublet ground state (of the full system) to a nondegenerate (singlet) ground state. Finally, at the transition the linear conductance changes from zero to G = G0 ,
Figure 2g. This is expected due to the decoupling of the
dot C from the entangled pair AB – the conductance is
unity as in the case of a single Anderson impurity.
The transition at t2c ∼ t1 is explained by the level
crossing of the corresponding doublet eigenstates of the
isolated TQD [29–31,35,37,38,51]. It should be noted
that two-channel Kondo eﬀects found in a quantum dot
trimer coupled to the leads through two adjacent quantum
dots [36–38] do not occur in the system considered here.
However, for t2 much lower than t2c full-entanglement between the dots A and B can be restored by a suﬃcient
increase of the eﬀective Kondo coupling of the dot C to
the leads, leaving the dots A and B in the singlet state.
In Figure 2h, we show how the concurrence CAB abruptly
changes from zero to unity with increasing dot-lead hybridisation Γ . This is an alternative way of inducing the
same quantum phase transition, as evident from the entropy, susceptibility and the conductance which all exhibit
behavior analogous to the results presented as a function
of t2 /D. Results presented in Figures 2h–2n are thus analogous to those in Figures 2a–2g. The main distinction is
the fact that dots A and B remain consistently decoupled from the rest of the system for the whole range of Γ ,
as is particularly clearly seen from the spin-spin correlations signaling triplet or singlet state for Γ < Γc and
Γ > Γc , respectively, while SA · SC  ∼ 0 due to the increase of δn2C with increasing Γ/D. Even for extremely
large values of ﬂuctuations δn2C , the concurrence CAB remains constant above Γc . Charge ﬂuctuations δn2A remain
low for the whole range of Γ , as expected.

5 Discussion
The results presented in Figure 2 are typical examples.
In order to test the robustness of the results with respect
to charge ﬂuctuations on the dots, we performed a detailed numerical analysis summarized in the phase diagram in the parameter space (U/Γ, t2 /t1 ), see Figure 3a.
The moment of the dot C, S2C , is represented as a contour plot (dashed lines). It is clear that for larger Γ (i.e.,
smaller U/Γ ) the moment is diminished which contributes
to the renormalization of t2c .
The main reason for the renormalization can, in fact,
be understood from an eﬀective spin model by tracing out the empty and doubly occupied states, and
representing the conduction band using a single spin
SD [29–31,35,37,38,51,55],
Heﬀ = J1 SA ·SC +J2 SA ·SB +J3 SB ·SC +JD SC ·SD , (13)
with the exchange couplings J1,2,3 = 4t21,2,3 /U . First we
consider a simple TQD system with JD = 0, i.e., without the coupling to spin SD . For the symmetric case
with J1 = J3 the eigenstates are two doublets and a
quadruplet (which always lies the highest in energy).
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S2C . (b) Phase diagram in the (J1 /JD , J2 /J1 ) plane for an
eﬀective purespin model, as an analogue of (a) with full line
representing J2c /J1 .

The ground states for the z-component of the total spin
Sz = 1/2 are given by:
|D1  =

(|↑A ↓B  − |↓A ↑B ) ⊗ |↑C 
√
,
2

|D2  =

2 |↑A ↑B  ⊗ |↓C  − (|↑A ↓B  + |↓A ↑B ) ⊗ |↑C 
√
.
6
(14)

The ﬁrst state |D1  is formed from the singlet state between the dots A and B, for which the spin of the dot C
is decoupled from the other dot spins:
D1 |SC · SA |D1  = D1 |SC · SB |D1  = 0.

(15)

The second state |D2  is constructed from the triplet
states between the dots A and B with Sz = 1 and 0, separately. The spin-spin correlation functions between the
dots A and B for the above two states are
D1 |SA · SB |D1  = −3/4,

D2 |SA · SB |D2  = 1/4.
(16)
Therefore, for the states |D1  and |D2  the spin-spin correlations between the dots A and B are anti- and ferromagnetic, respectively. The eigenvalues are


E1 = −12t21 /U, E2 = −4 4t21 − t22 /U.
(17)
From the energy separation E1 − E2 = J1 − J2 it is clear
that J2c = J1 is for large U/Γ the critical value separating

(J1 − J2 ) (J1 + 2J2 )
.
2J2

(18)


In Figure 3b we show the phase diagram (J1 /JD , J2 /J1 )
where the full red line represents the separation between
entangled and unentangled regimes. The topology of the
dots is shown as an inset. Here JD /J1 plays the role of
an eﬀective Kondo coupling of TQD to the leads, JD ∝
Γ/U . The dots A and B for small J2 /J1 but large JD /J1
thus exhibit perfect entanglement when dots C and D are
forced to couple into a singlet, which can be considered as
an example of the entanglement monogamy concept [56].
However, due to the substantial renormalization of the
local moment S2C  in the limit of small values, U/Γ < 4,
the application of the pure spin model is not fully justiﬁed
there. This is the reason
for diﬀerent
behavior of critical


t2c /t1 ∝ U/Γ and J2c /J1 ∝ J1 /JD in this regime.
The quantum phase transition considered so far is of
the ﬁrst order. Here the entanglement, as measured by the
concurrence, even in the presence of substantial charge
ﬂuctuations, is not signiﬁcantly aﬀected. Thus an interesting question arises, how the concurrence changes in the
case of a broken symmetry conﬁguration with t1 = t3 . Recently, the Kosterlitz-Thouless type of transition instead
of the ﬁrst order has been discussed for such a system [57].
We performed the analysis of symmetry breaking effects for the case where the hopping between quantum
dots AC and BC is modiﬁed to t1,3 = t0 ± δt. We concentrated to the transition in the regime of parameters as
in Figure 2, i.e., with t0 /D = 0.01 with the corresponding t2c slightly below 0.9t0 . The eﬀects of asymmetry in
a particular regime of parameters for a two impurity version of this model was studied also in reference [55]. The
the main consequence of ﬁnite δt is a smooth transition
of the concurrence CAB from 0 to 1 for increasing t2 /t0 ,
Figure 4a, with the corresponding spin-spin correlation
SA · SB  also exhibiting a smooth transition, Figure 4b.
Note also, that for t2  t0 the correlation is signiﬁcantly
reduced compared to the triplet value 1/4.
These results can qualitatively be reproduced within
the eﬀective 4-QD model, inset to Figure 4b. As known
from the analysis shown in Figure 3, for δt = 0 the results
of the eﬀective model are identical to the full NRG result
regarding the sharp transition of the correlations SA ·SB .
In the regime of broken symmetry with J1,3 = J0 ± δJ the
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Fig. 4. (a) Concurrence CAB for the symmetry breaking case
with t0 /D = 0.01 for several values of δt, in increments 0.05t0
(full black lines), compared to δt = 0 (full red line) and with
other parameters as in Figure 2. (b) Spin-spin correlations
SA · SB  corresponding to CAB from Figure 3a. (c) Results for
SA · SB  as obtained for the simpliﬁed model for J0 /JD = 10.
Full black lines represent results for δJ ins increments 0.1J0 .

eﬀective model adequately reproduces the correlations in
the regime J2 → 0. Note, however, the J2 -dependence of
the correlations (and the concurrence, not shown here)
calculated in the eﬀective model does not change gradually, but it retains a sharp transition with the gap closing
with increasingly larger δJ, Figure 3c. The diﬀerence can
mainly be attributed to the fact that in the eﬀective model
the change of the correlations is due to the change of the
ground state while the full model exhibits a more complex
many-body transition.

6 Summary
In summary, the spin entanglement of electron pairs in a
triangular TQD, one dot being attached to non-interacting
leads, is quantitatively analyzed in the regime of two competing many-body eﬀects, namely the Kondo eﬀect and
the direct exchange interaction. In contrast to DQD conﬁgurations in which the Kondo eﬀect suppresses the entanglement [19–21], in this case, the Kondo eﬀect – in which
a single spin in the dot C is screened by conduction electrons in an attached metallic lead – induces entanglement
between the spins in the dots A and B and that such spin
correlations can be signaled in charge transport mearusements. There are two regimes of interest, depending on
the ratio of the interdot couplings t2 /t1 . On the one hand,
for t2 > t1 , spins in the dots A and B are always maximally entangled and the central dot C is in the Kondo
regime with conduction leads, fully screened S = 1/2
Kondo eﬀect. On the other hand, for t1 > t2 , spins in the
dots A and B are in unentangled states due to the underscreened S = 1 Kondo eﬀect. Therefore, the entanglement

is switched on due to sharp transition between the fully
screened S = 1/2 and underscreened S = 1 Kondo eﬀects.
For stronger interaction regime U/Γ  1 this result is expected as a consequence of the quantum phase transition
observed in TQD with triangular topology [35,37,38].
Our analysis reveals that the switching between unentangled and perfectly entangled qubit pairs A and B
persists also in the regime of substantial charge ﬂuctuations, either δn2A or δn2C . In the regime of low U/Γ there
is a strong renormalization of t2c  t1 , which can be understood within a simple analytically solvable pure spin
model where TDQ is anti-ferromagnetically coupled to an
additional singly occupied quantum dot. The singlet formation between C and D acts as an entanglement switch
between the dots A and B in a similar manner as the formation of the Kondo singlet in the full TQD system that
was analyzed numerically.
In the regime of broken symmetry between the quantum dots A and B there is no sharp transition between
the entangled and unentangled states. Comparison with
a simpliﬁed eﬀective model of four magnetically coupled
quantum dots reveals qualitative agreement in the sense
that the transition is not sharp – it is only a smooth crossover. The quantum phase transition found in the symmetric conﬁguration in this respect represents a singular point
in the parameter space of the problem. Thus in a real
quantum dot conﬁguration a sharp transition would be
expected only in the case of carefully tuned experimental
conditions (gates).
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from the EU FP7 project: Marie Curie ITN NanoCTM, the
Slovenian Research Agency under contract No. P1-0044, National Science Centre (Poland) under the contract DEC-2012/
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36. R. Žitko, J. Bonča, Phys. Rev. B 77, 245112 (2008)
37. A.K. Mitchell, T.F. Jarrold, D.E. Logan, Phys. Rev. B 79,
085124 (2009)
38. A.K. Mitchell, D.E. Logan, Phys. Rev. B 81, 075126 (2010)
39. G. Chiappe, E.V. Anda, R.L. Costa, E. Louis, Phys. Rev.
B 81, 041310(R) (2010)
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