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Here we discuss the failure modes of alternative ap-
proaches for solving the impurity problems with supercon-
ducting bath and Coulomb blockade (mean-field decou-
pling and charge-counting auxiliary operator approach),
show a number of additional results that supplement those
presented in the main text, provide the details on the
method (including a detailed account of the Hamilto-
nian and its matrix-product-operator representation), and
present some results of benchmark calculations for method
validation.

Failure of the mean-field decoupling of the charging term

The Hamiltonian discussed in this work contains interac-
tion terms of three types: 1) pairing interaction in the super-
conductor, 2) on-site charge repulsion on the impurity site,
3) charge repulsion in the superconducting island. This
raises the question of possible simplifications of the prob-
lem through mean-field decoupling of certain terms. For
problem sizes (number of levels in the SC island) consid-
ered in this work, the mean-field decoupling of the pairing
interaction to the BCS mean-field form ∆c†i↑c

†
i↓ is a per-

fectly valid approximation. In our scheme, we do not per-
form this step for purely practical reasons: it does not sim-
plify the calculations (in fact, the loss of the the total charge
as a conserved quantum number would only make them
more difficult from the numerical perspective). The mean-
field decoupling on the impurity on-site repulsion is well
known to lead to qualitatively incorrect results (e.g., the
well-known unphysical spontaneous spin symmetry break-
ing in the unrestricted Hartree-Fock solution of the An-
derson impurity model for U > πΓ [1]). The remaining
question is thus that of the Ec(n̂sc − n0)2 term in the su-
perconducting bath, whose mean-field decoupling might at
first seem innocuous. If this term could be safely decou-
pled without affecting the qualitative nature of the subgap
states and without severe quantitative issues, this would en-
able the use of traditional quantum impurity solvers, such
as NRG and CTQMC.

We thus look into this question more closely and con-
sider two approximative schemes. One consists in the tradi-
tional mean-field decoupling of this term (the “mean-field”
scheme), leading to the following quadratic form:

H ′ = (n̂sc−n0)2 ≈ 2n̂sc(〈n̂sc〉−n0)+n2
0−〈n̂sc〉2. (1)

The problem then needs to be solved self-consistently, for
each state separately (we note that using ground-state ex-
pectation values for all states leads to unphysical disconti-
nuities across the quantum phase transitions).

The other scheme (the “static” scheme) is a more severe
approximation. It consists in performing the calculations
for Ec = 0, then simply shifting the resulting energy by
Ec(〈n̂sc〉 − n0)2, again for each state separately.

We note that both the “mean-field” and the “static”
schemes fully neglect the correlation effects of theEc term
and retain only its average effect, but they depend in the
implementation details: the first is self-consistent and in-
corporates the static effect of theEc term on the wavefunc-
tion, while the second is a one-shot calculation at Ec = 0,
where the wavefunction does not depend on Ec and n0 at
all, only the energy is shifted.

For purposes of comparing these approaches, we per-
formed all calculations using the same DMRG impurity
solver, the only difference being the different level of the
approximation in the charging term. The Ec dependence
at even n0 tuning are shown in Fig. S1(a). We consider
two cases, that of large U/∆ = 30 where the QD be-
haves as a Kondo impurity to a good approximation, and
that of U/∆ = 4 which is appropriate for real devices.
We show two energies. The energy E shown in the first
row is the energy as evaluated within the approximation
scheme: this is the energy that the different methods pro-
duce as their final answer. The expectation value 〈H〉 in
the second row is computed using the wavefunctions from
the different schemes: this is the actual energy of the ap-
proximate wavefunctions, which can be used as a gauge
for their quality (the exact DMRG solution is the absolute
ground state of the problem with minimal energy).

ForU/∆ = 30, the differences are only quantitative and
relatively weak. This is expected, since large U enforces
small charge fluctuations on the impurity site, thereby re-
ducing the effects of the charging term in the range of Ec
values of interest (order ∆). We find that the discrepancy
is larger for the singlet state, where the “static” method
seemingly performs slightly better than the self-consistent
“mean-field” method. For the doublet state, both approx-
imate schemes produce the same result. This is due to
the symmetry of the problem: the system is particle-hole
symmetric in this case, with 〈n̂sc〉 = n0. The reason
for the energy difference with respect to the exact solu-
tion is the charge fluctuations, i.e., the difference between
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Figure S1. Comparison of the mean-field decoupling schemes for large U/∆ (Kondo limit) and moderate U/∆ (realistic value for
actual devices). We compare exact results from the DMRG solution (full lines) with the results of two approximate schemes (dashes
lines). (a) Ec dependence of energy at fixed n0 = 200. First row: energies obtained by the different approaches (see text for details).
Second row: expectation value of the full Hamiltonian evaluated with the wavefunction obtained in the different approaches. Third
row: charge fluctuations. Fourth row: excitation energy. (b) n0 dependence of energy at fixed Ec = XX. Parameters are Γ/U = 0.2,
α = 0.4, N = 200.

〈(n̂sc − n0)2〉 and (〈n̂sc〉 − n0)2, which is non-zero even
in the presence of particle-hole symmetry. In addition, the
inexact treatment of charge fluctuations on the SC island
also affects the results for charge fluctuations on the impu-
rity site (third row): the decrease of the impurity charge
fluctuations in the doublet state with increasing Ec is not
captured at all at the mean-field level, while the fluctua-
tions in the singlet state grow rather than slightly decrease.
The plot of 〈H〉 (second row) shows that the error quanti-
fied by the difference in energy expectation values is small

for the doublet states, but more significant for the singlet
states. Interestingly, the differences in E are significantly
larger than those in 〈H〉 for the “static” method, while
the “mean-field” method shows the opposite. This implies
that the differences in E (i.e., the measurable excitation
energies, shown in the fourth row) are quite small for the
“static” method, while the discrepancy is somewhat larger
for the “mean-field” method. In spite of all these quanti-
tative differences, we conclude that at this large value of
U/∆ = 30, the charging term in the superconductor is
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for the most part adequately captured by the mean-field ap-
proximations (which will in fact be used in the following
when discussing the large-U limit, see Eq. (4) in the sec-
tion on phase diagrams of the Supplemental Material). For
such large U/∆ values, the states thus still have the nature
of the standard YSR states even at large Ec/∆, only with
shifted energies.

At realistic U/∆ = 4, the discrepancies are more se-
vere (see the right-hand panels). This is especially the case
when evaluating the energies E within the approximate
schemes, rather than evaluating the expectation value of the
original Hamiltonian, 〈Ĥ〉. This holds in particular for the
singlet states, which arise from a strong coupling between
the QD and SC electrons. The energies of the three ap-
proaches start strongly diverging already at low Ec/∆ (or-
der 0.1), while at Ec/∆ ≈ 1 the error is sufficiently large
that the results are highly questionable. The mean-field ap-
proach fails even qualitatively, predicting a quantum phase
transition which does not really exist. At the same time, the
mean-field wavefunction appears to be reasonably good as
far as its energy expectation value is concerned. The plots
of charge fluctuations reveal that the mean-field methods
nevertheless poorly describe the dynamical aspects of the
problem. We thus conclude that at the experimentally rel-
evant values only the full solution leads to acceptable re-
sults.

The dependence of energies on the gate voltage n0 at
fixed Ec are shown in Fig. S1(b). We again find that the
approximations are adequate in the limit of large U/∆,
while for realisticU/∆ = 4 the deviations become sizable.
In particular, we note that the curvatures of the singlet-
state parabolas (centered at n0 ≈ 201) are different. The
“static” method does not capture the renormalization ofEc.
The “mean-field” method does, but at the price of a sizable
systematic error that is constant in n0.

We conclude that the treatment of the charging term at
the mean-field level is sufficient to obtain some basic un-
derstanding of the overall trends in the limits of lowEc [2],
but it does not capture the changing nature of the subgap
states (evolution from conventional YSR towards subgap
states with Coulombic nature, characterized by local mo-
ment reduction via charge redistribution), produces spuri-
ous qualitative features (phase transitions which do not ac-
tually exist), and is insufficiently accurate at quantitative
level to be of real use in the interpretation of experiments.

Failure of the charge-counting trick

Impurity models with a Coulomb term Ecn̂
2 can be

mapped on an effective model using collective charge oper-
ators [3, 4] and solved using the numerical renormalization
group (NRG) techniques [5, 6]. The idea is to replace the
hopping term ∑

iσ

c†iσdσ + H.c., (2)

by ∑
iσ

N̂+c†iσdσ + H.c., (3)

after introducing collective charge operators for elec-
trons on the island, N̂ =

∑∞
m=−∞m|m〉〈m|, N̂± =∑∞

m=−∞ |m±1〉〈m|, convertingEc(n̂sc−n0)2 toEc(N̂−
n0)2, finally relaxing the constraint N̂ = n̂sc and thus
regarding N̂ as an independent degree of freedom. This
approach is applicable when the dynamics of the collec-
tive charge operator is insensitive to the precise number of
conduction electrons in the bands [5]. This is the case for
normal-state bands, but not for gapped systems such as su-
perconductors, where this approach leads to incorrect ex-
citation spectra. We find that the spectra contain not only
additional spurious states that would need to be projected
out (replicas of physical states at higher energies which do
not meet the constraint), but even the expected physical ex-
citations have incorrect energies. This is a fundamental is-
sue that does not appear to have a practical solution. For
this reason, it appears unlikely that conventional impurity
solvers will ever be adapted to problems with gapped con-
tinuum in the presence of a Coulomb interaction term.

Finite-size effects

Ultra-small superconducting islands have excitation
spectra which significantly differ from the BCS spectra in
the large-N limit, with some elementary excitations which
have no counterpart in the Bogoliubov picture [7, 8]. We
assess the effect of the ratio between the interlevel sepa-
ration d = 2D/N and the BCS gap ∆ on the Yu-Shiba-
Rusinov states of the DMRG solution of the QD-SC prob-
lem in Fig. S2. When scaled in terms of the superconduct-
ing gap of the finite-size system (obtained as the Γ → 0
limit of the YSR excitation energy), the curves tend to ap-
proach the asymptotic YSR curve from above or below for
odd and even N , respectively. For N = 800, used in most
calculations in this work, the Bogoliubov picture is valid
and the results are even quantitatively close to those for a
superconductor in the thermodynamic limit, although some
finite-size corrections to the BCS mean-field theory remain
present. The superconducting islands in the contemporary
hybrid devices are sufficiently large that the effects beyond
the BCS theory need not be considered.

Phase diagrams

Fig. S3 presents the phase diagrams at fixed impurity
gate voltage ν = 1 for several values of U to supplement
those for U = 0.1 ≈ 4∆ shown in Fig. 1 of the main text.

For U = 10 � D,Ec,∆ and ν = 1, the QD occu-
pancy is pinned to nimp ≈ 1; the QD is then a pure ex-
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Figure S2. Finite-size effects in the YSR excitation spectra. Top:
YSR energies normalized by the superconducting gap at given N
(equal to the Γ → 0 limit of the subgap excitation energy). We
plot all N from 6 to 30, then pairs (40, 41), (50, 51), . . . (90,
91), then pairs (100, 101), (200, 201), . . ., (600, 601). Middle:
YSR energies normalized by the BCS gap obtained in the large-
N limit. We plot allN from 6 to 30. Bottom: d ∝ 1/N scaling of
the difference between even N and odd N results for a range of
Γ/U ratios. The asymptotic large-N behavior of the difference is
linear in 1/N (red dashed line). Here U = 10.

change scatterer with the Kondo exchange coupling con-
stant JK = 8Γ/ρπU . In this case, the phase diagram can
be well reproduced using the following approximation to
the many-body energy levels in even/odd nsc sectors:

E(nsc) ≈ const+Ec(nsc−n0)2+

{
0 nsc even,
∆− EB(Γ) nsc odd,

(4)
where EB(Γ) is the binding energy of the YSR quasipar-
ticle, such that limΓ→0EB(Γ) = 0. The data for EB(Γ)
can be taken e.g. from a NRG calculation. This is the ide-

alized version of Fig. 1 from main text, showing qualita-
tively similar evolution for YSR to CB regimes, but with
large quantitative differences, in particular in the cross-
over Ec ≈ ∆ regime where the competition between var-
ious physical mechanisms is the most pronounced. In the
large-U limit, at half-integer filling of the superconductor
(n0 = 800.5) the transition between singlet and doublet
GS occurs at essentially the same value of Γ for all values
of Ec due to equal charging energies for both states, as fol-
lows from Eq. (4), because for largeU the only dependence
on n0 is explicitly through the charging term: the transition
then occurs for EB(Γ) = ∆.

Eq. (4) also explains the change of topology in the phase
diagrams at Ec = ∆. This occurs because the bind-
ing energy of the YSR quasiparticles is bounded as 0 <
EB(Γ) < 2∆. For Ec > ∆ it is no longer possible to trap
a Bogoliubov quasiparticle at the impurity site for even n0,
thus the system remains in a doublet ground state for any
value of Γ.

For U = 1, the system is essentially still in the deep
Kondo regime. The quantitative differences at U = 0.1
(the value corresponding to all results shown in the main
text) are, however, significant. They are most apparent in
panel b) showing the phase diagram in the (Γ, Ec) plane.
For even n0 = 800, we observe a significantly slower ap-
proach to the Ec = ∆ asymptote compared to the large-U
limit. For half-integer n0 = 800.5 the quantum phase tran-
sition value of hybridization (ΓC) exhibits a weak Ec de-
pendence, thus the transition line is no longer strictly ver-
tical. This is due to the competition between the Ec and U
terms, i.e., due to the redistribution of charge which is now
possible even at the half-way n0 = 800.5 point because of
the weaker electron-electron repulsion U on the QD. The
diagram for odd n0 = 801 appears to be less affected.

Finally, for very low U = 0.01 the system is in a quali-
tatively different weak-interaction regime where the sub-
gap states are better described as Andreev bound states
(ABS). Here the increasing Ec/∆ ratio drives a cross-over
between the ABS and CB regimes that still shows some
similarities with the YSR-CB cross-over. We discuss these
cross-over in some more detail in the following subsection.

Changing nature of the subgap states

We investigate the gradual transition from the Kondo
limit (large U/∆) to the ABS regime (small U/∆) in
Fig. S4 by sweeping U at constant Γ/U . The leftmost col-
umn shows the energies of the first three excitations in the
singlet sector and the lowest doublet state. In the middle
and rightmost column we plot the diagonal elements of the
impurity density matrix, Pn, i.e., the probabilities of find-
ing the impurity in the state with occupation n.

We find a single subgap state in the large-U Kondo
regime, with a large P1 contribution (i.e., the local-moment
fraction, corresponding to the presence of a spin degree
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of freedom) indicating that this is a well-defined YSR sin-
glet state formed through the Kondo exchange interaction
between the impurity site and the Bogoliubov quasipar-
ticles. By decreasing U the impurity magnetic moment
P1 decreases. Another subgap state descends into the gap
when U ≈ Delta/2. Both states obtain the nature of the
ABSs, with large P0 and P2 due to the proximity effect,
that takes over as the main impurity-bath coupling mech-
anism in place of the exchange interaction. At small U ,
both singlet subgap state approach the energy of the dou-
blet state, as Γ → 0 (note that Γ/U is constant in these
parameter sweeps). For a BCS superconductor, the impu-
rity in these states would be in a superposition |0〉 + |2〉
and |0〉 − |2〉, giving equal contributions of P0 and P2. In
our model, states |0〉 and |2〉 differ by one Cooper pair in
the superconductor, and are therefore not degenerate. The
energy difference between them is given by 4EC plus finite
size effect on the order of 2d. The finite-size effects split
the linear combinations into |0〉 and |2〉 in the U → 0 limit
even forEc = 0. Furthermore, even slightly increasingEC
strongly splits the singlet states already for a very small U,
the excited singlet disappearing above the continuum when
4EC ≈ ∆ + EC .

The vertical dashed line in the plots corresponds to the
realistic value of U = 4∆, indicating that in typical de-
vices we are far away from both limits. Even disregarding
Ec-term effects, the subgap singlet state would not be an
ideal YSR state, but would rather contains a considerable
contribution of both P0 and P2. This mixing of substate
characters is further amplified by the charging term, as we
show next.

In Fig. S5 we demonstrate the changing nature of the
subgap singlet state at U = 4∆, for even and odd values
of n0. When n0 = even, the magnetic moment is strongly
suppressed by the charging term which requires even occu-
pation in the SC and P2 becomes large. For n0 = odd the
symmetry between |0〉 and |2〉 remains, so these contribu-
tions are equal. In this case, the single occupancy of the
impurity is actually favored by the charging term, i.e., the
increasing EC here strengthens the impurity magnetic mo-
ment. This happens because increasingEc leads to a larger
contribution in the wavefunction of states with a lone elec-
tron in the superconductor, which can decrease the total
energy of the system through Kondo exchange, thereby in-
directly also favoring the single occupancy of the quantum
dot.

Charging diagrams

In Fig. S6a we show additional charging diagrams to
supplement those shown in Fig. 2 of the main text. In-
creasing Γ leads to more diffuse appearance of the charg-
ing patterns and more dominant diagonal striping, which
is a consequence of the formation of a ”large single quan-
tum dot” comprising both the original QD and the SC is-
land with the effective level controlled by the sum of gate
voltages, n0 + ν. As an aid in the interpretation of these
diagrams, in Figs. S6b and S6c we show the impurity oc-
cupancy using two representations: as density plot that
can be directly compared with the charging diagrams, and
additionally as line cuts at even n0 = 800, half-integer
n0 = 800.5 and odd n0 = 801. With increasing Γ the
variation of 〈nimp〉 with ν becomes increasingly smooth
and the local magnetic moment for ν ≈ 1 becomes less de-
fined (for Γ/U = 0.5 one has U/πΓ ≈ 0.64 < 1, hence
no local moment in the Hartree-Fock picture [1]). This ef-
fect is partly compensated by increasing Ec which reduces
the charge fluctuations between the QD and the SC island.
For instance, the local moment reemerges in the case of
Γ/U = 0.5 for Ec/∆ & 0.8 when n0 is even. This is
concomitant with the appearance of a doublet region in the
phase diagram. For odd n0 this process is less efficient, QD
occupancy becomes quantized only for very large values of
Ec.

Spectral functions

The subgap (discrete) part of the spectral function is eas-
ily computed from the wavefunctions of (0), (+1) and (-1)
states as

Aσ(ω) = |〈ψ(+1)
σ′ |d†σ|ψ(0)

σ0
〉|2δ[ω − (E(+1) − E(0))]

+ |〈ψ(−1)
σ′′ |dσ|ψ(0)

σ0
〉|2δ[ω + (E(−1) − E(0)].

(5)

Here σ′ = σ0 + σ and σ′′ = σ0 − σ, where σ0 is the Sz
component of total spin of the ground state (0), while σ′
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and σ′′ are those of the excitations (+1) and (-1), respec-
tively.

In Fig. S7 we supplement the spectra shown in Fig. 3
of the main text with the additional results that reveal the
nature of the relevant ground and excited states, and show
the evolution with increasing Ec leading to the Ec > ∆
regime (Fig. 4 of the main text). Specifically, in Fig. S7
we compare the ν dependence of the subgap state energies,
spectral weights, and the expectation values of occupancy,
local moment, and spin-spin correlation for the range ofEc
discussed in the main text.

The left-most panels show the reference results forEc =
0, i.e. the conventional YSR regime. The model parame-
ters used here correspond to the situation where close to
half filling (ν = 1, particle-hole symmetric point) the
ground state is an (unscreened) doublet, while sufficiently
away from half filling it is a singlet. At ν ∼ 1, the doublet
GS with 〈nimp〉 ≈ 1 is characterized by a nearly saturated
local moment 〈S2

imp〉 → 3/4 that is almost decoupled from
the band electrons,

∑
i〈Simp · Si〉 ≈ 0. Sufficiently away

from ν = 1, the singlet GS has level filling closer to either
zero or full (double) occupancy and correspondingly di-
minished local moment 〈S2

imp〉 . 0.15. The excited states
in the central ν ∼ 1 region have level filling with a strong
dispersion, and there is strong antiferromagnetic alignment
of the local moment with the electrons in the band: this
is a manifestation of the bonding of the Bogoliubov quasi-
particle that generates these subgap YSR states. We note
some small differences in the results for (+1) and (-1) ex-
cited states (in particular the red and blue symbols do not
overlap completely): this is a consequence of the finite size
(finite N ) of the system, as discussed earlier. For Ec = 0
the results do not depend on n0. The results are therefore
(anti)symmetric with respect to ν = 1 for both even and
odd n0.

For finite but small Ec = 0.2∆, the main qualitative
difference compared to Ec = 0 is the observably different
behavior of the (+1) and (-1) excitations, far exceeding the
finite-N effects we noted for the case of Ec = 0. Further-
more, we observe a lack of (anti)symmetry with respect to
ν = 1 for odd n0 = 801. The nature of the states remains,
however, the same as for Ec = 0.

The regime ofEc/∆ = 0.8 andEc/∆ = 1.2, where the
electron-electron repulsion terms on the superconductor,
Ec, and on the quantum dot, U , are comparable in magni-
tude (specifically Ec/(U/2) ≈ 0.4, 0.6), is controlled by
the competition between the QD and SC filling. In the fol-
lowing we analyze this regime in more details, separately
for even and odd n0.

For even n0, close to the p-h symmetric point (ν ≈ 1),
the ground state (0) is a doublet with the impurity local
moment almost decoupled from the SC. The excited states
(±1) are similar to conventional YSR singlets, but with
nimp considerably different from 1 due to charging terms.

Away from half filling, for large values of ν (ν & 1.5),
in the state (0) there are almost 2 electrons on the impurity

Figure S8. Spectral function for odd n0 = 801 and Ec/∆ = 0.2,
the case shown in Fig. 3f) in the main text. The thin dashed line
at ∆ − Ec shows the edge of the continuum for the isolated SC
island (Γ = 0 limit).

and nsc is even. In (+1), the additional electron enters an
empty SC level, which costs Ec + ∆, thus E+ lies at the
bottom of the continuum. To obtain (-1), the electron re-
moved from the GS does not originate entirely from the SC
but also partly from the impurity (〈nimp〉 < 2 in the hole-
like excited state), recovering some of the local moment
〈S2

imp〉 and shifting E− inside the gap due to hybridiza-
tion.

For odd n0, close to the p-h symmetric point the GS (0)
and the excited states (±1) all have an occupancy close
to 1 and a well developed local moment. The difference
between these states consists in the fate of this moment: in
the GS it forms a strong QD-SC singlet state with the lone
Bogoliubov quasiparticle, while in (±1) states it is simply
decoupled. The excitation energies are given by the sum of
−∆ + Ec = 0.2∆ and a contribution proportional to JK ,
as discussed in the main text.

For large values of ν ∼ 2, the competition between Ec
and U is very prominent and we need to distinguish the re-
gions where the GS has 802 or 803 electrons; the transition
between them occurs at a value of ν that strongly depends
on Ec/∆. In the region with nGS = 802, the state (0) is a
singlet with high nimp. It has a large SC charging energy,
while the impurity e-e repulsion energy U

2
(nimp − ν)2 is

almost minimized. An additional electron predominantly
enters the SC, hence the peak E+ has low spectral weight.
The states (-1) and (0) are, however, quite similar, except
for the additional electron at the impurity site in the state
(0). The spectral weight of the E− peak is thus large, on
the order of 0.85, and the corresponding excitation energy
is large because the low-energy impurity level is emptied.
In the region with nGS = 803, the states (0), (-1) and (+1)
all have close to maximal nimp, and differ only in the elec-
tron close to the Fermi level in the SC, leading to extremely
small spectral weights of the subgap peaks.

We note the existence of cases where the “subgap” state
energy exceeds the Γ = 0 gap edge, see Fig. S8. At
Ec/∆ = 0.2 with odd n0, the gap edge for Ec < ∆ (thin
dashed line) is given by ∆ − Ec (see section below for
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Figure S9. Quantifying Ec from the discontinuities in spectral
functions at odd SC filling, n0 = 801. Top: spectral function as a
function of hybridisation Γ, across the doublet-singlet transition.
Here U = 0.1, Ec/∆ = 0.2, ν = 1 (the case of Fig. 4f). Bottom:
discontinuity E− as a function of Ec (blue dots). Red line indi-
cates an estimated based on electrostatic energy (see text) taking
into account the impurity occupancy at the transition point (black
labels). Dashed line indicates the gap edge. U = 0.1, ν = 1.

derivation). In the bias voltage range indicated by the box
in Fig. S8, the “subgap” state crosses this line with a fi-
nite weight of the spectral peak, in striking contrast to the
usual situation where the YSR peaks transfer weight con-
tinuously as they approach the gap edge when the bound
state merges with the continuum. This effect occurs away
from ν = 1 for finite Ec and odd n0, in situations where
it is advantageous for the tunneling electron to occupy the
impurity orbital rather than enter a SC level.

Extraction of Ec from discontinuities

The p-h asymmetry and discontinuities provide a means
to determine the charging energy Ec from experimental
spectra. This is best done for the system tuned to odd
n0 where the asymmetries are maximal. In Fig. S9(a) we
plot the Γ-dependence of the peak positions for an im-
purity tuned to ν = 1. For Ec = 0, E(0), E(+1) and
E(−1) would all be equal at the doublet-single transition
point Γ = Γc. For Ec > 0, this no longer holds for
odd n0, as nsc of (-1) differs from n0. The asymmetry
E+ − E− is proportional to Ec, with a prefactor that de-
pends on the impurity occupancy and in general needs to
be determined numerically, see Fig. S9(b). In the large-U

(Kondo) limit where nimp ≈ 1, the energy difference is
simply 4Ec and Ec could be directly extracted from ex-
perimental measurements. For comparable values of Ec
and U , this is no longer the case and the competition be-
tween the QD and SC charging terms is observed. In this
case, E+ − E− can be approximated by the difference
of the sums of the impurity and SC charging energies in

each state: E+ − E− =
(
E

(+1)
imp + Ec

(
n(+1)
sc − n0

)2) −(
E

(−1)
imp + Ec

(
n(−1)
sc − n0

)2)
, where Ex

imp is the expecta-
tion value of Himp in the sector indicated by the super-
script label x ∈ {(+0), (−1), (+1)}. This estimate is
plotted in Fig. S9 as the red line labelled “prediction”. The
good agreement with the exact results indicates that these
effects are indeed controlled mainly by the charging terms,
while the hybridization energy is roughly the same in (+1)
and (−1). In order to experimentally determine Ec in this
regime, it is necessary to have either accurate information
about the impurity occupancy, or make use of numerical
calculations to fit the experimental results and extract the
model parameters.

MODEL DEFINITION

Here we provide some further details on the Hamiltonian
used in the main text. We first introduce the notation for
level and electron numbers. N is the number of levels in
the SC, M = N + 1 is the total number of levels in the
problem. We furthermore define the following occupancy
operators:

n̂imp,σ = d†σdσ, n̂imp = n̂imp,↑ + n̂imp,↓, (6)

for the impurity, and

n̂sc =
∑
iσ

c†iσciσ (7)

for the SC, as well as n̂ = n̂imp + n̂sc. We write nimp =
〈n̂imp〉, nsc = 〈n̂sc〉 and n = 〈n̂〉. Evidently, nimp+nsc =
n. At half filling nimp = 1, nsc = N , and n = 1 + N =
M .

The SC parts of the Hamiltonian are

H ′sc =
∑
i,σ

εic
†
iσciσ − αd

N∑
i,j

c†i↑c
†
i↓cj↓cj↑,

H ′′sc = Ec(n̂sc − n0)2.

(8)

The pairing terms only include the time-reversal conjugate
states, i.e., the Hamiltonian takes the form of the reduced
pairing model (see also Appendix C in Ref. 9). α is the
(dimensionless) strength of the attractive electron-electron
interaction. Ec is the charging energy of the SC island,
Ec = e2

0/2C, where C is the total capacitance of the is-
land. The interlevel spacing is d = 2D/N , where 2D
is the bandwidth of the conduction band. More precisely,
the energy levels are εi = −D + d/2 + (i − 1)d + x
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for i = 1, . . . , N , so that ε1 = −D + d/2 + x and
εN = +D − d/2 + x. Here x = αd/2 is a small shift
that restores the p-h symmetry of the finite-size problem,
as discussed in a later subsection.

The impurity part of the Hamiltonian is

Himp =
∑
σ

εimpn̂imp,σ + Un̂imp,↑n̂imp,↓. (9)

We introduce δ = εimp + U/2, as well as ν = 1/2 −
ε/U = 1− δ/U , as two further ways to express the value
of εimp for a given fixed value of U . Both measure the
departure from the p-h symmetric point at δ = 0 and ν =
1, δ in energy units, ν in units of electron number. Thus,
alternatively,

Himp =
U

2
(n̂imp − 1)2 + δ(n̂imp − 1) + const

=
U

2
(n̂imp − ν)2 + const.

(10)

Finally, the hybridization part is

Hhyb =
v√
N

N∑
i,σ

(
c†iσdσ + h.c.

)
. (11)

We define Γ = πρv2 where ρ = 1/2D is the density of
states in the conduction band. Conversely, v =

√
Γ/πρ =√

2Γ/π.
In a strictly electrically isolated QD-SC system the num-

ber of electrons would be fixed. The presence of weakly
coupled tunneling probes permits the transfer of charge
to and from the QD-SC system. The total occupancy
changes so as to reach the state of minimal energy. (Strictly
speaking the thermodynamic variable that is minimized is
H−µn, but µmay be thought to be absorbed in the param-
eters n0 and ν). Nevertheless, for weak tunneling probe
coupling the charge fluctuations may be neglected and the
total QD-SC system charge does not change with time be-
yond the tunneling events when the system is probed. For
this reason, one may take 〈n̂〉 ≡ n to be an integer con-
stant. Of particular interest is the parity of n in the ground
state. In the usual discussions of the YSR physics, where
Ec = 0 and nimp ≈ 1, the odd-parity state (doublet
state) corresponds to an unscreened impurity, the even-
parity state (singlet state) to a “YSR screened” impurity.
At finite Ec this picture is modified by the additional en-
ergy shift of Ec for states with SC occupancy differing by
one electron.

We denote the lowest-energy eigenstate in each charge
sector as ψn and its energy as En. The ground state is thus
ψngs and the lowest excited states ψngs+1 and ψngs−1. The
excitation energies of the spectroscopically visible subgap
states are defined as E+ = E(+1)−E(0) for particle addi-
tion andE− = E(−1)−E(0) for particle removal. The cor-
responding spectral weights are w+ = |〈ψ(+1)|d†σ|ψ(0)〉|2
and w− = |〈ψ(−1)|dσ|ψ(0)〉|2.

It is perhaps worthwhile to point out that since our model
is based on a “microscopic” description of the pairing inter-
action and since the Hamiltonian is solved essentially ex-
actly within the DMRG, the “gap renormalization effects”
(the effect of the impurity back on the superconductor) is
fully taken into account, thus no self-consistent correction
of the pairing function is necessary as in mean-field ap-
proaches. This 1/N renormalization effect is, however,
small even for the N = 800 SC levels used in the cal-
culations in this work.

Continuum edges

For easy reference, let us consider the lowest particle-
addition and particle-removal excitation energies for a pure
SC island in the absence of the QD, i.e., the edges of the
quasi-continua of Bogoliubov quasiparticles for finite Ec.

From Eq. (4) (for Γ ≡ 0), we find that for a GS with an
even integer occupancy of the superconductor nsc

E+ = ∆ + Ec + 2Ec(nsc − n0),

E− = ∆ + Ec − 2Ec(nsc − n0).
(12)

Here n0 is the continuously tunable experimental param-
eter proportional to gate voltage, while nsc = 〈n̂sc〉 is an
integer (except at the charge degeneracy points). This re-
duces to E+ = E− = ∆ + Ec for even integer n0 = nsc,
but one should note thatE+ andE− are shifted asymmetri-
cally for any value of n0 that is not an even integer. The to-
tal single-particle gap in the spectral function thus remains
constant, E+ +E− = 2∆ + 2Ec. The largest asymmetry
occurs for values close to odd n0. Exactly at odd-integer
n0, nsc changes discontinuously by 2 for Ec < ∆. On one
side of this discontinuity one finds

E+ = ∆− Ec,
E− = ∆ + 3Ec,

(13)

and on the other
E+ = ∆ + 3Ec,

E− = ∆− Ec.
(14)

For Ec = 0 we recover the standard BCS result with the
SC gap edges at ω = E+ = ∆ and ω = −E− = −∆ for
all values of n0.

For large Ec > ∆, the excitation gaps of the even nsc

states close at

n0 = nsc +
1

2
(1 + ∆/Ec),

n0 = nsc −
1

2
(1 + ∆/Ec),

(15)

for particle-addition and particle-removal gap, respectively.
In the range of n0 where the GS has an odd number of
electrons in the SC the following expressions hold:

E+ = −∆ + Ec + 2Ec(nsc − n0),

E− = −∆ + Ec − 2Ec(nsc − n0).
(16)
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For odd nsc = n0 we thus find E+ = E− = −∆ + Ec.
In Fig. S10 we show a graphical overview of these re-

sults. For Ec/∆ = 0, 0.2, 0.8, 1.2 (the values used in
Fig. 3 of the main text) we plot in separate rows i) the en-
ergies of the SC states, ii) these same energies referred to
the lowest (GS) energy, iii) the excitation energies E+ and
E−, iv) the edges of the continuum of single-particle (Bo-
goliubov) excitations at ω = +E+ and ω = −E−.

Particle-hole symmetry

The particle-hole (p-h) transformation is defined as

d† → d,

c†i → −cN+1−i.
(17)

The Hubbard and hopping terms remain invariant. The
charge terms transform as n̂imp → 1 − n̂imp, c†i,σci,σ →
1 − c†N+1−i,σcN+1−i,σ, so that nsc → N − nsc. Fi-
nally, the pairing terms transform as

∑
i,j c

†
i↑c
†
i↓cj↓cj↑ →

N −
∑

i

∑
σ c
†
iσciσ +

∑
i,j c

†
i↑c
†
i↓cj↓cj↑. The Hamiltonian

thus remains invariant if
εimp = −U/2,
εi = −εN+1−i + g.

(18)

The solution to the second equation for equidistant levels
with spacing d is

εi = −D +
d

2
+ (i− 1)d+

αd

2

= −D +

(
i− 1− α

2

)
d.

(19)

In the N →∞ limit, this converges to a flat band with the
density of states ρ = 1/2D on the interval [−D : D].

Truncation of the SC levels

In Hamiltonian H ′sc, we truncate the spectrum of the
SC levels at the Debye frequency ωD. For Γ = 0 this
is no approximation, because the levels outside the range
[−ωD : ωD] play no role since they are fully decoupled
from the levels participating in pairing [10–14]. For Γ 6= 0,
equating D = ωD is an approximation, since the SC lev-
els in ranges [−D : −ωD] and [ωD : D] are omitted. If
required, one could explicitly take into account these non-
interacting levels through the renormalization of model pa-
rameters [15] using, for example, the numerical renormal-
ization group (NRG) method [16, 17]. An alternative cor-
rection scheme is to consider the cut-off ωD to be increased
to D, while the coupling constant α is decreased accord-
ingly so that the gap ∆, estimated through the BCS rela-
tion ∆ = ωD exp(−1/αd) remains constant. In any case,
the approximation ωD = D has no qualitative effect on the
results.

Another observation is that typically the bath has a very
large number of levels, while only a tiny subset of those is
actually hybridized with the impurity. The effective quan-
tum impurity problems with noninteracting baths fully dis-
regard all levels which are decoupled from the impurity,
because those live in a separate Hilbert space and are irrel-
evant for the solution of the impurity problem. In our work
we also retain only the levels that hybridize with the impu-
rity and neglect all others, but we need to keep in mind that
in reality the Coulomb interaction connects the two sub-
systems which therefore do not fully decouple. We do not
discuss effects resulting from such coupling in this work,
but merely note that they are expected to be important for
the transport properties.

Implementation of the method

We first provide the matrix-product-operator (MPO) representation of the Hamiltonian studied in this work. Left-most
site (impurity-site):

W0 =
(
I εimpn̂imp + Un̂imp,↑n̂imp,↓ −d↑F −d↓F +d†↑F +d†↓F 0 0 0

)
. (20)
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Figure S10. Single-particle excitation properties of the SC island in the absence of the QD, for (left to right) Ec/∆ = 0, 0.2, 0.8, 1.2.
In top rows, black stands for even nsc, red for odd nsc. For non-zero Ec, the charging has period 2e. For Ec/∆ < 1, the occupancy
changes in steps of 2. For Ec/∆ > 1, the occupancy changes in steps of 1, yet the regions of even and odd occupancy have different
widths and the 2e period is maintained. With increasing Ec/∆, the even-odd effects become less pronounced; in the large Ec/∆ limit
a 1e-periodic pattern typical of Coulomb blockade is recovered. At the same time, with increasing Ec/∆ the nature of the gap is
changing from the superconducting gap into a Coulomb gap.

Here F = (−1)n is the local fermionic-parity operator, which gives phase of−1 if there is an odd number of electrons on
the site. Generic site (with g = αd):

Wi =



1 [εi + Ec(1− 2n0)]n̂i + (g + 2Ec)n̂i↑n̂i↓ 0 0 0 0 gci↓ci↑ gc
†
i↑c
†
i↓ 2Ecn̂i

0 I 0 0 0 0 0 0 0
0 vc†i↑ Fi 0 0 0 0 0 0

0 vc†i↓ 0 Fi 0 0 0 0 0
0 vci↑ 0 0 Fi 0 0 0 0
0 vci↓ 0 0 0 Fi 0 0 0
0 c†i↑c

†
i↓ 0 0 0 0 I 0 0

0 ci↓ci↑ 0 0 0 0 0 I 0
0 n̂i 0 0 0 0 0 0 I


, (21)

with

n̂iσ = c†iσciσ, n̂i =
∑
σ

n̂iσ, (22)
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and Fi is again a local parity operator. Right-most site:

WN =



[εN + Ec(1− 2n0)]n̂N + (g + 2Ec)n̂N↑n̂N↓
I

vc†N↑
vc†N↓
vcN↑
vcN↓
c†N↑c

†
N↓

cN↓cN↑
n̂N


. (23)

An alternative representation is possible where the impurity is located in the center of the 1D chain (corresponding to
the Fermi level of the superconducting island) rather than attached to the end of the chain. We find fully equivalent results
with both approaches, with rather similar bond dimensions (which are maximal in the vicinity of the Fermi level), similar
to what has been observed in solving impurity models in the star geometry using the DMRG method [18].

The calculations have been performed using the ITensor library. The initial state is the Fermi sea with all low-lying
levels of the SC occupied by electrons, and an additional electron on the impurity site. A low truncation criterion (sum
of discarded Schmidt values) ε = 10−12 and bond dimensions up to 5000 are required in order to reach convergence for
N = 800. The symmetries exploited were the charge n and spin Sz conservation. The calculations were performed for
Sz = 0 in even-occupancy sectors and for Sz = ±1/2 in odd-occupancy sectors.

We note that our method is very different from that in Ref. 19 which is a momentum-space DMRG in the space of
electron pairs (“particle-hole” method), and hence inapplicable to our Hamiltonian that explicitly breaks electron pairs
through exchange processes.

SIMPLIFICATION TO 8× 8-DIMENSIONAL MPOS

We now consider the parts of the Hamiltonian which
control the occupancy, specifically:

H ′ = Un̂imp,↑n̂imp,↓ + εn̂imp + Ec(n̂sc − n0)2. (24)

We note that

(n̂sc − n0)2 = [(n̂− n̂imp)− n0]
2

= [(n̂− n0)− n̂imp]
2

= (n̂− n0)2 − 2(n̂− n0)n̂imp + n̂2
imp

(25)

and

n̂2
imp = (n̂imp,↑ + n̂imp,↓)

2

= n̂2
imp,↑ + n̂2

imp,↓ + 2n̂imp,↑n̂imp,↓

= n̂imp,↑ + n̂imp,↓ + 2n̂imp,↑n̂imp,↓

= n̂imp + 2n̂imp,↑n̂imp,↓,

(26)

so that

(nsc−n0)2 = (n̂−n0)2+[1−2(n̂−n0)]n̂imp+2n̂imp,↑n̂imp,↓.
(27)

Thus
H ′ = (U + 2Ec)n̂imp,↑n̂imp,↓

+ [ε− 2Ec(n̂− n0) + Ec] n̂imp

+ Ec(n̂− n0)2.

(28)

In the canonical ensemble we may replace n̂ by n in each
charge sector. Thus the effective U increases by 2Ec, the

level is shifted by −2Ec(n− n0) + Ec, i.e. δ = ε+ U/2
is shifted by −2Ec(n − n0) + 2Ec = −2Ec[n − (n0 +
1)], and the energy shift term becomes a constant, Ec(n−
n0)2. We may thus eliminate the quadratic charge terms
in the SC, while the impurity terms are renormalized. This
is convenient for implementation and permits the reduction
of the MPO representation to 8× 8 matrices, however this
form is less physically transparent.

BENCHMARK CALCULATIONS

We verified the implementation at Γ = 0, Ec > 0
against the exact solution for the model without the impu-
rity [12], finding full agreement within numerical roundoff
errors for energies.

We verified the implementation at Γ > 0, Ec = 0 by
comparing the results of numerical renormalization group
(NRG) calculations for mean-field BCS bath (parametrized
by the BCS gap value ∆) and the DMRG calculations for
interacting bath (parametrized by the pairing coupling con-
stant α). The NRG calculations are performed in the ther-
modynamic limit but for a logarithmically discretized bath,
while the DMRG calculations are performed for large but
finite number of levels N . We remark that the NRG is not
exact (due to truncation of states, which leads to unavoid-
able systematic errors in addition to those due to logarith-
mic discretization), while the DMRG has no systematic er-
rors. Typical NRG errors for quantities such as excitation
energies are of the order of few percent [20, 21]. We find
that after the N → ∞ extrapolation of the DMRG results



16

1

0

1

(E
S

ED
)/

N = 600
N = 800
N = 1000
N = 1200
NRG
extrapolation

0.0 0.1 0.2 0.3
/U

10 4

10 3

10 2

(N
RG

 - 
ex

tra
po

la
tio

n)
/N

RG

Figure S11. Benchmark calculations for Ec = 0. (a) DMRG
results for the YSR state energy EYSR = ES −ED as a function
of Γ for a range of N and the N → ∞ extrapolation, compared
against the results obtained using the numerical renormalization
group (NRG) in the thermodynamic limit at the mean-field level.
(b) Difference between the extrapolated DMRG results and the
NRG results.

for the excitation energies of the subgap states, we recover
the NRG results within the expected error margin of a few
percent, see Fig. S11. To obtain a mapping between ∆
and α, we performed the NRG calculations for a range of
∆ and selected the value where the agreement of the YSR
excitation energies was optimal. Since the value of the cou-
pling constant α used in this work, α = 0.23, lies at the
boundary between weak and strong-coupling BCS regimes,
this empirical approach is more reliable than various ana-
lytical estimates for ∆ as a function of α.

We furthermore tested the implementation with all terms
of the Hamiltonian, including the charging terms with
Ec 6= 0, against full diagonalisation on small clusters (up
to N = 12) using the Lanczos method, finding full agree-
ment within the numerical roundoff errors.
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