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We solve the problem of an interacting quantum dot embedded in a Josephson junction between two
superconductors with finite charging energy described by the transmon (Cooper pair box) Hamiltonian. The
approach is based on the flat-band approximation of the Richardson model, which reduces the Hilbert space
to the point where exact diagonalization is possible while retaining all states that are necessary to describe the
low-energy phenomena. The presented method accounts for the physics of the quantum dot, the Josephson effect,
and the Coulomb repulsion (charging energy) at the same level. In particular, it captures the quantum fluctuations
of the superconducting phase as well as the coupling between the superconducting phase and the quantum dot
(spin) degrees of freedom. The method can be directly applied for modeling Andreev spin qubits embedded in
transmon circuits in all parameter regimes, for describing time-dependent processes, and for the calculation of
transition matrix elements for microwave-driven transmon, spin-flip, and mixed transitions that involve coupling
to charge or current degrees of freedom.
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I. INTRODUCTION

Superconducting circuits are one of the leading platforms
for the realization of various quantum technological applica-
tions. Most implementations of superconducting qubits are
based on creating an anharmonic oscillator by replacing the
inductor in an LC-circuit with a Josephson junction (JJ),
which has nonlinear inductance [1–3]. The realization where
the charging energy due to capacitance is small compared with
the Josephson energy is called the transmon qubit [4]. As
all other superconducting devices, the transmons utilize the
macroscopic coherence of superconducting states to encode
and manipulate quantum information [5]. Their popularity is
due to their robustness with respect to charge fluctuations,
which is one of the main decoherence mechanisms in super-
conducting qubits.

In pursuit of further enhancing these devices, a novel
approach has emerged, combining the robust coherence of
superconductors (SCs) with the controllability of spin qubits
built out of semiconducting quantum dots (QDs). The idea
consists of embedding a QD into the JJ and storing quantum
information in the spin of the quasiparticle trapped in discrete
subgap states that emerge in the few-channel regime of the
JJ. The architecture is called the Andreev spin qubit (ASQ)
[6–10]. The spin-orbit coupling (SOC) permits manipulation
of the spin degree of freedom using the supercurrent or the
electric field, as well as advanced readout based on circuit
quantum electrodynamics (cQED) techniques. If the ASQ is
embedded in a transmon, such setup can actually support two
physical qubits, one defined in the QD spin and the other in
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the standard computational subspace of transmon excitations
[7].

Modeling of the transmon qubit typically relies on neglect-
ing the superconducting quasiparticles and only accounting
for the dynamics of Cooper pairs [2,4]. The SC gap—the
energy scale for creating quasiparticles—is typically much
larger than the energy of transmon excitations, so this is a
good approximation. However, the presence of an interacting
QD in the JJ induces Cooper pair-breaking processes, and an
accurate description of the physics requires solving the full
electronic problem. This is particularly important for mod-
eling the ASQ, where a QD with a large charging energy is
favored as it ensures a ground state with a single localized
spin trapped in the QD.

Two noninteracting SC leads (i.e., the situation with no
charging energy terms and using the BCS mean-field approx-
imation for pairing) coupled to an interacting QD constitute
a conventional quantum impurity problem, which is numer-
ically solvable with standard impurity solvers, such as the
numerical renormalization group [11,12]. The numerical pro-
cedure hinges on the separation of high- and low-energy
scales, a feature of noninteracting leads with quadratic Hamil-
tonians. However, simultaneously including also the charging
energy of the SC islands—a critical feature of the transmon—
makes the leads interacting. As far as we are aware, a method
for attacking such problems does not exist.

In this work, we present a method for solving the mi-
croscopic QD-transmon model. It is based on the flat-band
approximation for the SC islands, which are described by a
single active orbital coupled to a condensate of Cooper pairs.
This approach exponentially reduces the Hilbert space to the
point where exact numerical diagonalization is possible for
a system of thousands of electrons, while retaining the key
subspace for capturing the low-energy phenomena.
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The paper is formatted as follows: In Sec. II we describe
the basic properties of the QD–transmon system we aim to
reproduce. In Sec. III we introduce the model and the reduced
basis. Section IV contains benchmark results that validate the
method. We reproduce known behavior and point out param-
eter regimes where the standard transmon approximation is
not adequate. Section V presents three specific examples of
possible applications of our approach to problems that cannot
be solved in any other way: (1) the case where the QD and
SC degrees of freedom are strongly coupled, (2) the case
of time-dependent perturbations, such as a microwave pulse,
(3) the calculation of transition matrix elements involving
both qubit degrees of freedom.

II. BASIC PROPERTIES OF THE QUANTUM DOT
JOSEPHSON JUNCTIONS

In this section we review the basic properties of quantum
dot Josephson junctions to set the stage for the discussion
of the full model. The focus is on the interplay of electronic
processes that determine the nature of low-energy states in the
superconducting gap.

A. Cooper pair tunneling

In a conventional JJ without an embedded QD quasi-
particles play no role at temperatures much lower than the
superconducting gap �. An approximate description in terms
of Cooper pair hopping is adequate to capture the Josephson
effect. Microscopically, it is shown to arise from the coherent
transfer of electron pairs across the junction [13–15].

This can be expressed by writing the Hamiltonian in the
charge basis |m〉, with m = 0, 1,−1, . . . being the difference
in the number of Cooper pairs occupying the two SCs. We
allow processes where a single Cooper pair hops across the
junction. These terms couple |m〉 to the neighboring |m ± 1〉,
and the Hamiltonian in this basis is tridiagonal [14]. As
the different |m〉 states are equivalent, this corresponds to a
tight-binding chain in m space. It is diagonalized by Fourier
transforming |m〉 into states labeled by the dual quantity—
this is the emergent superconducting phase difference φ. The
eigenstates are Bloch waves, superpositions of |m〉 states,
|φ〉 ∝ ∑

m eimφ |m〉. Their dispersion is given by

E (φ) = −EJ cos φ, (1)

where the emergent energy scale, the Josephson energy EJ , is
given by twice the hopping matrix element between |m〉 and
|m ± 1〉, i.e., the energy associated with transferring a single
Cooper pair across the junction.

B. Charging energy

In nanoscopic structures, the small size of the SCs that
form the junction implies large Coulomb repulsion between
the electrons occupying the device [16,17]. This is encapsu-
lated in the charging energy Ec, which also includes other
capacitance effects (such as the capacitive shunting of the JJ
in the transmon [1,4]).

The problem is described by the transmon Hamiltonian
(also known as the Cooper pair box Hamiltonian), which com-
bines pair hopping and charging terms. It was first introduced

to describe the Cooper pair box [18,19] and transmon [4]
qubits. Today, it is ubiquitous in modeling superconducting
circuits [2,3,13]. The Hamiltonian can be expressed in the
mixed, phase, or charge basis:

HT = 4Ecm̂2 − EJ cos φ̂

= −4Ec∂
2
φ − EJ cos φ

= 4Ec

∑
m

m2|m〉〈m| − EJ

2

∑
m

|m〉〈m + 1| + H.c. (2)

The Hamiltonian is analytically solvable using Mathieu func-
tions [4,20]. This description applies to transmons of different
types, including tunable ones (gatemons) [21–23].

The second line of Eq. (2) describes a particle in the
φ-space with an effective mass m ∝ 1/Ec, trapped in a po-
tential V (φ) = −EJ cos φ [24]. For Ec � EJ , corresponding
to a very massive particle, the ground state is localized at the
bottom of the potential well at φ = 0 (for EJ > 0, i.e., in a
0-junction), while for Ec � EJ , corresponding to a very low
mass, the particle uniformly occupies the entire φ range. It is
thus localized in the dual m space: the charge difference across
the junction is well defined and there are large fluctuations of
the superconducting phase. In general, the wave function has
a finite width in either space, controlled by the ratio Ec/EJ .

The wave functions of the excited states are similarly local-
ized, but with an increasing number of peaks and nodes. This
is a general property of a particle trapped in a potential well.

C. Embedded quantum dot

The presence of a QD in the junction introduces pair-
breaking processes and lowers the energy of quasiparticle
states by binding them to the QD spin [25–28]. Therefore, the
approximate treatment with a model formulated in terms of
Cooper pairs alone is no longer adequate and the full electron
dynamics has to be considered. To accurately incorporate the
QD physics into the transmon equation, the basis has to be
extended with the QD degrees of freedom and (this is the key
point) one must allow for the presence of quasiparticles in the
SCs.

The QD can alter the sinusoidal Josephson potential in
complex ways and in turn influence the properties of the trans-
mon excitations. The most direct example is the π junction
[29–34]: if the QD is occupied by a single electron, trans-
ferring a Cooper pair across the junction requires permuting
it over the QD electron. This process produces a fermionic
minus sign, which effectively flips the sinusoidal potential
from − cos φ to + cos φ, so that its minimum is at φ = π .

For Ec � EJ , a good approximate approach consists of
dividing the problem into two steps. First, one solves the
impurity problem of a QD coupled to SC leads at fixed φ

values to obtain the effective Josephson potentials V (φ), one
for each eigensolution of the QD problem, and then uses
these potentials as an input for the transmon equation where
it replaces the cos φ term [7,35–37]. However, this adiabatic
approximation does not capture the possible dynamic cou-
pling between the QD degrees of freedom contained in V (φ)
and the transmon excitations. In particular, the approximation
is expected to break down when two eigenstates approach
each other or even cross (similar to the breakdown of the
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Born-Oppenheimer approximation due to vibronic coupling
in molecules).

D. Reference Josephson junction

For various applications, it is important to have the ability
to impose the phase difference in the ground state [38]. The
simplest way to achieve this is to embed the QD JJ into a larger
superconducting circuit, with a second standard Josephson
junction with larger Josephson energy connecting the two SCs
[4,6,7,39,40]. Here we refer to it as the reference JJ. The phase
difference is then controlled by piercing the resulting loop
with a tunable magnetic flux. We neglect the loop inductance
and the charging energy of the reference junction, but they
could be included in the model if so required.

The system containing two Josephson junctions has an
effective potential [41,42]

V (φ) = VQD(φ) − E ref
J cos (φ − φext ), (3)

with E ref
J the Josephson energy of the reference JJ and φext =

2π�/�0 the enforced external phase due to the magnetic
flux �, with �0 = h/(2e) the magnetic flux quantum. The
effective potential of the QD junction, VQD, depends on the
QD parameters and is state-dependent. Enforcing the phase is
possible if the Josephson energy of the reference junction is
much larger than that of the QD junction. Then, the minimum
of V (φ), φmin, is close to φext, and thus the ground state φ

tends to approximately follow φext.

E. Spin-orbit coupling

Spin-orbit terms couple spin to the supercurrent and break
spin degeneracy even in the absence of the external magnetic
field (except at φ = 0 and φ = π , where anti-unitary symme-
try leads to Kramers degeneracy). In ASQs, the matrix-valued
potential energy for the doublet is given by

V (φ) = E0 cos φ − ESOσ · n sin φ + gμB
1
2σ · B, (4)

where σ is the spin operator, n is a unit vector along the spin-
polarization direction of SOC, ESO and E0 are spin-dependent
and spin-independent Cooper pair tunneling rates [43], g is
the effective g factor, μB is the Bohr magneton, and B is the
magnetic field. The g factor is itself φ dependent due to the
impurity Knight shift [44].

III. MODEL FORMULATION

In the following we first present a model of a QD embedded
between two superconducting islands, as sketched in Fig. 1.
We introduce the flat-band approximation which is necessary
to reduce the Hilbert space [45,46] and we present the pro-
cedure to generate the reduced basis in the presence of two
superconducting channels.

A. Model

Our approach is based on describing each superconducting
contact by the Richardson model [47–49], a charge conserving
pairing Hamiltonian. It is equivalent to the BCS mean-field
theory in the thermodynamic limit [50,51] and encapsulates
the finite-size effects observed in nanoscopic metallic grains

FIG. 1. Model sketch. The QD is a single energy level embedded
between two superconductors in the flat-band limit of the Richardson
model. The QD is coupled to active superconducting orbitals fL

and fR via single-electron hopping v. Far from the QD the two
superconductors form another auxiliary junction, modeled by the
pair-hopping tpeiφext terms and represented by the double black arrow.
This SQUID-like geometry enables control over the phase difference
φ across the Josephson junction. The black dot represents a possible
quasiparticle occupying the f orbital.

[52]. Importantly, charge conservation enables a trivial imple-
mentation of the SC charging energy terms and the modeling
of coupled QDs [49].

The system consists of two SCs (β = L, R), coupled
through an embedded QD. The full model Hamiltonian is the
sum

HQD = εnQD + UnQD↑nQD↓ = U

2
(nQD − ν)2 + const,

H (β )
SC =

∑
i

εinβi + g
1

N

∑
i j

c†
βi↑c†

βi↓cβ j↓cβ j↑

+ E (β )
c

(
nβ − n(β )

0

)2
, (5)

H (β )
hyb = vβ√

N

∑
i,σ

(d†
σ cβiσ + c†

βiσ dσ ),

Href = tpeiφext
1

N

∑
i

c†
Li↑c†

Li↓
∑

j

cR j↓cR j↑ + H.c.

Here nQDσ = d†
σ dσ is the QD number operator and nQD =

nQD↑ + nQD↓. ε is the QD level and U is the on-site Coulomb
repulsion. In the alternative formulation of HQD, U/2 plays
the role of the QD charging energy and ν = 1/2 − ε/U is
its optimal occupation in the units of particle number (gate
charge).

εi is the set of N equally spaced energy levels that represent
the SC, with cβiσ the corresponding annihilation operators,
and nβi the number operators. g is the superconducting pair-
ing strength [45]. E (β )

c is the SC charging energy with nβ =∑
i nβi the total SC charge operator and n(β )

0 the optimal
occupation in units of particle number. The QD and SCs are
coupled by single-particle hopping with strength vβ .

The Href term describes the reference JJ. Because it is
far from the QD, it can be safely assumed that it does not
contain quasiparticles and can thus be described by the pair-
hopping processes. tp is the pair hopping strength and φext the
phase difference externally imposed by the magnetic flux that
pierces the superconducting loop.

We consider symmetric parameters in both superconduc-
tors and thus drop the subscript β in the parameter symbols.
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The Hamiltonian has a compact matrix product operator
(MPO) representation and can in principle be solved with the
density matrix renormalization group (DMRG) [53]. How-
ever, excitations in the regime we are interested in here, with
Ec much smaller than the superconducting gap �, present
certain challenges.

The reason is hidden in the nature of the lowest excitations
of Eq. (5). Consider the uncoupled limit with v = 0, and
Ec → 0. The lowest excitations are due to charge redistribu-
tion: if the ground-state configuration (electron occupations
of constituent parts) is (nL, nQD, nR), there exists an otherwise
equivalent configuration with a single shifted Cooper pair,
(nL − 2, nQD, nR + 2). Its excitation energy (2d for moving a
Cooper pair to a higher single-particle level) is only due to the
finite level spacing d , which is a consequence of the finite
size of the system. In the thermodynamic limit (N → ∞,
d → 0) such states are degenerate and at finite v they form
equal superpositions with a well-defined phase difference φ.
In numerical calculations with a finite system, however, the
finite excitation energy precludes a clear emergence of φ. (See
Sec. II D of Ref. [53] for a detailed description of the problems
and limitations of the full model.)

The effect of the level spacing d on the Josephson ef-
fect in the Richardson model was studied in the context of
nanoscopic metallic grains in Ref. [14]. Interestingly, they
found that as d is increased from zero, the effective EJ at
first decreases as finite d acts like a charging energy term,
incurring a small energy penalty for each charge transferred.
Additionally, increasing d increases the pair-hopping matrix
elements. At values of d comparable to the superconducting
gap � the second effect dominates, and EJ actually increases
beyond the BCS value found at d → 0.

However, the goal of this work is to model superconductors
in the regime where the level spacing is negligible and the
charging energy comes from other effects, such as the capaci-
tance of the constituent parts of the device.

B. Flat-band approximation

The desired behavior—the emergence of a well-defined φ

from an equal superposition of degenerate |m〉 states—can
be recovered by disregarding the kinetic energy of the SC
levels by setting all εi to zero. This is the flat-band approx-
imation. We have shown in Ref. [45] that employing this
approximation does not importantly change the low-energy
physics of a QD-SC system, so that the results remain qual-
itatively correct. Similar considerations apply to the relation
between the superconducting Anderson impurity model with
a BCS Hamiltonian and its zero-bandwidth limit [54], where
a rescaling of the coupling constant allows us to obtain
close to quantitative agreement. (An extension of this idea
is a representation of the finite-bandwidth BCS supercon-
ductor with a small set of judiciously chosen orbitals [55],
which also finds application to the case with finite charging
energy [56]).

After taking the flat-band limit the model simplifies to the
point where certain limits are analytically solvable [45]. Here,
this treatment is extended to the case of two superconduc-
tors. In the following we present simplified expressions valid

in the limit of a large number of SC levels for half filled
bands.1

Making all SC levels nominally equivalent allows us to
define a single active orbital in each SC:

fβσ = 1√
N

∑
i

cβiσ . (6)

This greatly simplifies the hybridization term, which now
only involves the d and f orbitals:

H (β )
hyb = vβ

∑
σ

(d†
σ fβσ + f †

βσ dσ ). (7)

Because the kinetic-energy term is zero, the HSC terms
simplify as well:

H (β )
SC = g

2

∑
σ

f †
βσ fβσ + E (β )

c

[∑
σ

f †
βσ fβσ + 2mβ − n0

]2

.

(8)

The pairing term simply counts the number of quasiparticles
occupying the f orbitals, each increasing the total energy by
g/2. The SC gap � = g/2 is thus proportional to pairing
strength g, which is a well-known feature of the flat-band
systems [57–59]. The expression in the square bracket in
the charging energy term corresponds to the number of elec-
trons in the SC β: the term

∑
σ f †

βσ fβσ is the number of
electrons in the active orbital, while 2mβ is the number of
electrons forming Cooper pairs (occupying all orbitals except
the active orbital). Finally, we subtract n0, the gate voltage
in units of electron number, which controls the filling of the
superconductor.

Note that the approximation retains the information about
the number of Cooper pairs in each SC, mβ . A state of the SC
island in the flat-band approximation is thus fully determined
by the state of the f orbital (0, ↑, ↓, 2 =↓↑) and the value of
mβ , the number of Cooper pairs in the condensate.

As all SC levels are equivalent, the condensate is spread
equally across all of them. The ground state of Hβ

SC containing
mβ pairs is

|mβ, 0〉 = N
(

N∑
i=1

c†
βi↓c†

βi↑

)mβ

|0〉, (9)

with normalization N [45] and electronic vacuum |0〉. The
second label in the ket of the left-hand side denotes the state
of the f orbital.

Excitations containing quasiparticles are

|mβ, σ 〉 = 1√
N

N∑
b=1

c†
βbσN

⎛
⎝ N∑

i �=b

c†
βi↓c†

βi↑

⎞
⎠

mβ

|0〉. (10)

where the quasiparticle blocks the bth level from participating
in pairing [52], while the rest contain the pair condensate.

1For detailed derivations and expressions at general filling, see
Ref. [45].
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Similarly

|mβ, 2〉 = 1

N

N∑
bb′

c†
βb↓c†

βb′↑N

⎛
⎝ N∑

i �=b,b′
c†
βi↓c†

βi↑

⎞
⎠

mβ

|0〉, (11)

with b and b′ blocked. The superconducting nature of the
quasiparticles occupying the f orbitals is contained in their
algebra, given by [45]

f †
βσ |mβ, 0〉 = 1√

2
|mβ, σ 〉,

f †
β↓ f †

β↑|mβ, 0〉 = 1

2
(|mβ, 2〉 + |mβ + 1, 0〉). (12)

Importantly, the second equation shows the possibility of
recombination of two quasiparticles in the orbital f into a
Cooper pair. This is precisely the process involved in the
Cooper pair transfers across a JJ.

C. Full active orbital set

The full basis is generated as the tensor product of eigen-
states of each subsystem for zero coupling. The basis states are
determined by the three active orbitals d , fL, fR and quantum
numbers mL and mR. Additionally, after fixing the total charge
in the system to n, the (mL, mR) pair can be replaced by the
difference, m = mL − mR. We thus denote the basis states by

d |m, fL, fR〉 (13)

with an operator d = 1d , d†
↑, d†

↓, d†
↓d†

↑, and labels fL/R = 0,↑
,↓, 2. These contain all states where the quasiparticles are
coupled to the QD [45]. This step beyond basis sets that
only involve Cooper pairs [60] is necessary in the presence
of magnetic-impurity-induced pair-breaking processes.

Furthermore, our model conserves the total spin S. We
consider the singlet (n = even, S = 0) and the doublet (n =
odd, S = 1/2, Sz = +1/2) sectors. Because Cooper pairs are
singlets, S is solely determined by the state of the three active
orbitals. For each m, there are 14 possible states in each sector.
(See Appendix A for their definitions.)

We generate the matrix representation of the Hamiltonian
by computing symbolic expressions for all matrix elements
for general [mL, mR] using symbolic algebra software [61]
and then selecting the allowed m configurations for a given
total charge n. The basis size grows linearly with n, which
enables efficient exact diagonalization for n in the thousands.
The computer code for performing numerical calculations is
available in a public repository [62].

D. Fourier transform to the phase space

The phase difference φ and the difference in Cooper pair
number m are conjugate quantities [13], i.e., [φ, m] = i, and
thus related via Fourier transform. When performed on the m
states, we obtain a basis in the φ space:

|φ, fL, fR〉 = 1√
mtot + 1

∑
m

eiφ(m+mtot )/2|m, fL, fR〉 (14)

with mtot being the total number of Cooper pairs in the system.
m runs across all possible configurations, m = −mtot,−mtot +
2, . . . , mtot − 2, mtot; there are mtot + 1 such configurations.

FIG. 2. Block diagonalizing the Hamiltonian at Ec = 0 with the
Fourier transform. In the analogy with the tight-binding chain, the
t2 block denotes coupling within each chain site, while t1 is hopping
between the sites.

The multiplicative factor of 1/2 in the exponent is necessary
because of the steps of two. Furthermore, we have shifted m
by mtot for convenience. The phase φ is defined in the interval
[0, 2π ):

φ = 2π
l

mtot + 1
, (15)

with l = 0, . . . , mtot . In the thermodynamic limit, N → ∞, φ

becomes a periodic continuous variable [63].
For Ec = 0 and neglecting finite-size effects, φ is a good

quantum number. Therefore, in this case the Hamiltonian—a
block tridiagonal matrix in the m basis—has a block-diagonal
shape when expressed in the φ basis, with the matrix elements
inside the block describing the internal degrees of freedom
associated with the full active orbital set (unpaired particles),
see Fig. 2. These are 14 × 14 matrices, with the phase variable
φ appearing in the blue blocks of hopping matrix elements,
similar to what happens in the Bloch state basis in the tight-
binding description of electrons on a lattice. We remind the
reader that the matrices are different in the singlet and doublet
sectors. By diagonalizing them we obtain the eigenstates in
the φ basis.

E. Charge vs phase basis: Similarities and differences compared
with the zero-bandwidth BCS

The model resembles the zero-bandwidth BCS approxima-
tion (ZBW BCS), which is a popular tool for qualitatively
describing the physics of hybrid superconducting QD devices
[31,54,64–68]. Indeed, in the simplest case of a QD coupled
to a single SC, the two models are actually mathematically
equivalent [45]. However, we argue that the flat-band Richard-
son formulation presented here is better suited for modeling
extended quantum devices with possibly complex geometries
and where charging energies of the constituent parts play an
important role.

An important aspect is that the degrees of freedom associ-
ated with the Cooper pair condensate do not appear explicitly
in the ZBW BCS, while in the flat-band Richardson model
we keep track of them with the labels mβ . While this is not
important for a single SC, the condensate plays a key role
when two (or more) SCs are coupled; as discussed just above,
the transfers of Cooper pairs (changes of m = mL − mR by
±2) generate the Josephson effect and lead to the emergence
of the phase difference φ. This is a statement equivalent to the
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notion that the phase of a single isolated SC is arbitrary (gauge
freedom), but the phase difference between two coupled SCs
is physically measurable and gauge invariant.

These details are not immediately obvious in the BCS
model, which is formulated in the phase basis with φ taking a
fixed scalar value. This becomes an issue, however, when con-
sidering nonzero charging energy. In that case φ is not a good
quantum number, and thus cannot be represented by a constant
value but needs to be promoted to an operator quantity in order
to allow for the phase fluctuations in the model. The problem
is naturally resolved in the charge conserving formalism of the
Richardson model, where φ is an emergent global degree of
freedom, arising as a property of a superposition of many |m〉
states. This means that the model is able to accurately capture
its quantum fluctuations at finite Ec.

Alternatively, it is possible to describe the problem in
the φ basis, while also retaining information about the pair
condensate. Indeed, this is achieved by the Fourier transform
in Eq. (14). In that case the charging energy terms appear
as off-diagonal matrix elements which couple different |φ〉
states.

F. Magnetic-field and spin-orbit coupling

The method can be easily extended to include additional
effects. For example, the magnetic field on the QD along the z
axis is included by substituting ε → εσ = ε + σEZ/2, where
EZ is the Zeeman splitting of the QD level, EZ = gμBB, and
σ = ±1, depending on the electron spin. The x and y com-
ponents of the magnetic field appear as off-diagonal elements
coupling the Sz = 1/2 and Sz = −1/2 basis states.

The spin-orbit coupling can be included in similar way as
in Ref. [43], by adding two terms: a spin-flip SC-QD hopping
v↑↓ and a SC-SC single-electron hopping tsc (see also the
Supplemental Material of Ref. [43]):∑

σ

(iv↑↓d†
σ fLσ̄ + iv↑↓ f †

Rσ dσ + H.c.)

+
∑

σ

(tsc f †
Lσ fRσ + H.c.). (16)

Here σ̄ indicates the reversed spin index. With this definition,
the spin-polarization direction of SOC is along the x axis. The
field along the x axis is said to be “parallel,” while fields along
the y and z axes are said to be “perpendicular.”

IV. BENCHMARK RESULTS

In this section, we demonstrate that the presented model
reproduces the expected results in various simple limits where
some ingredients of the full problem are not included. Most of
the benchmark results are well known, but we also point out
the existence of parameter regimes where the generalized for-
malism reveals less familiar behavior. In the following Sec. V
we apply the technique to experimentally relevant problems
that cannot be modeled using other theoretical methods.

A. Role of quasiparticles

In our formalism, four electron hopping events are nec-
essary for a Cooper pair to pass through the QD, and thus

(a) (b)

(c) (d)

FIG. 3. Spectra of the SC-QD-SC junction for Ec = 0, tp = 0.
φ dependence of the lowest singlet (red) and the lowest doublet
(blue) states for (a) the resonant case of ε = 0 and (b) for the
generic case of ε = 0.1�. Here U = 0. (c) v dependence of the
two lowest singlets and the lowest doublet for φ = 0 (dashed) and
φ = π (solid), for U = 0. (d) U dependence of the spectra at φ = 0
close to the particle-hole-symmetric point, ε = −0.8U/2. The en-
ergy zero coincides with the energy of the lowest doublet. Here we
use v/� = 0.2(1 + √

U/�), because the main goal is to study the
effect of the U/� ratio, while keeping the spin-exchange interaction
v2/U constant in the large-U regime.

we expect EJ , the half-width of the cosine-like excitation
band, to increase proportionally to v4. However, φ-dependent
processes of second order in v, when present, dominate the
dynamics of the junction in the perturbative regime. Here we
show that this happens in the presence of a superconducting
quasiparticle and identify the parameter ranges where such
contributions become large due to the presence of the QD. In
such cases the treatment with an effective pair-hopping Hamil-
tonian is not adequate, and solving the QD-JJ Hamiltonian on
the level of single-electron processes is necessary.

1. Subgap spectrum of the SC-QD-SC junction

We begin by reproducing the basic properties of a JJ with
an embedded QD, starting with tp = 0, i.e., without the refer-
ence junction, and Ec = 0, i.e., without any charging energy
terms. In this simplest case the phase difference φ is a con-
served scalar quantity (good quantum number) that labels the
eigenstates of the system.

We start by showing the φ dependence of the two lowest
singlets and the lowest doublet for a noninteracting (U = 0)
QD in Figs. 3(a) and 3(b). The SC leads induce superconduct-
ing pairing on the QD level, which results in a φ-dependent
splitting of the states according to the occupation of the QD.
This is known as the proximity effect. In the doublet state the
QD is occupied by a single electron, while in the singlet states
it contains a Cooper pair or two Bogoliubov quasiparticles
(broken Cooper pair), respectively. In the electron occupation
basis, these are represented as orthogonal equal superpositions
of |0〉 and |2〉 at the QD. (For φ = 0, we have |0〉 + |2〉 for a
Cooper pair, and |0〉 − |2〉 for a broken pair.)
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The resonant situation (ε = 0), Fig. 3(a), shows some
particularities. The singlets are split through a second-order
v2 process where a virtual quasiparticle hops from the QD
to a SC orbital and back. This SC orbital is equally dis-
tributed across the two SCs (assuming symmetric v = vL =
vR), with the phase between the contributions of the two
leads corresponding to the φ-dependent symmetry of the sys-
tem [69]. This results in a φ-dependent correction of energy
(2v2/�) cos(φ/2) [31]. The resulting 4π periodicity of the
energy dispersion in the singlet state and the quadratic depen-
dence on v are the main signatures of resonant behavior.

In Fig. 3(b) we show the generic (nonresonant, particle-
hole asymmetric) case with nonzero ε. This regime corre-
sponds to a standard JJ with subgap Andreev bound states
(ABSs) [13,70]. In comparison to the resonant case shown in
Fig. 3(a), here the particle-hole asymmetry splits the singlets
at φ = π . The dispersion is then 2π periodic. The ground
state has a larger contribution of the empty QD state |0〉 (for
ε > 0), while the excited singlet state has a mostly doubly
occupied QD, state |2〉. The previously discussed second-
order process is energetically suppressed, for it requires the
formation of Cooper pairs—equal contributions of |0〉 and |2〉.
The φ dependence of singlet states is thus dominated by the
next higher order (∝v4 cos φ) contribution, coming from co-
herent transport of two electrons—a Cooper pair—across the
junction. These are the processes that generate the Josephson
supercurrent, and we find the Josephson energy EJ ∝ v4.

Figure 3(c) shows the v dependence of the ABS, illus-
trating the increase of EJ that is quantified by the spread
between the dashed (φ = 0) and solid (φ = π ) lines. Note the
significant difference between the doublet (blue) and singlet
(red) states.

In Fig. 3(d) we show the evolution of the spectra with in-
creasing U while staying close to the particle-hole symmetric
point by setting ε = −0.8U/2, so that the average QD occu-
pancy is approximately one. In the lowest doublet state the
QD contains a single spin already at U = 0. This state remains
largely unperturbed for increasing U . In contrast, the singlet
states strongly depend on the interaction strength. The lowest
singlet state gradually transforms from the ABS at U → 0
to a Yu-Shiba-Rusinov (YSR) state for U � �, where the
electron in the singly occupied QD forms a bound state with a
Bogoliubov quasiparticle in the superconductor through the
exchange interaction. The first-excited singlet retains large
contributions of the |0〉 and |2〉 QD states and is thus quickly
pushed to higher energies with increasing charge repulsion U
[53].

2. Effective Josephson energy

In analogy with a standard JJ, we define the effective
Josephson energy as the half-width of the energy band ob-
tained by varying φ,

E eff
J = 1

2

(
max

φ
E (φ) − min

φ
E (φ)

)
, (17)

where E (φ) is the energy of the lowest state in the singlet or
doublet subspace (the result is state-dependent). The extreme
values are taken at φ = 0 and φ = π when tp = 0.

(a) (b)

(c) (d)

FIG. 4. Effective Josephson energy E eff
J , defined as the differ-

ence in the energy of the lowest state at φ = 0 and φ = π . (a),
(b) U = 0 results. Full lines: singlet (red) and doublet (blue); black
dashed lines: expected perturbative corrections. (c) E eff

J for the
singlet ground state for different U with ε = −0.8(U/2), sightly
shifted away from the particle-hole symmetric point. (d) E eff

J for
the doublet ground state with increasingly negative ε, at U/� = 0.2.
−ε = � + U is the point where a quasiparticle becomes present in
the superconductor.

Figure 4(a) shows a log-log plot of the v dependence of
E eff

J at small ε = 10−3, with U = 0. For the doublet ground
state (blue) we find E eff

J ∝ v4 for all v, as the spin in the QD
is not coupled to the superconducting leads and the transfer of
Cooper pairs across the junction remains the leading contribu-
tion for v < �. (The presence of the QD spin does however
change the prefactor of the Josephson current, a phenomenon
known as the π junction.)

However, in the singlet ground state (red) we find two
regimes, with E eff

J ∝ v2 for large v and E eff
J ∝ v4 for small v.

This is a consequence of the competition between ε splitting
the |0〉 and |2〉 QD states and the proximity effect hybridizing
them into Cooper pairs. The crossover occurs at ε = 2v2/�

(vertical black line). The right-hand side of the equality corre-
sponds to the hybridization coming from the proximity effect.
The regime where ε < 2v2/� qualitatively corresponds to
Fig. 3(a), while an example of the ε > 2v2/� case is shown
in Fig. 3(b).

Figure 4(b) shows the ε dependence of E eff
J . For the singlet

state (red) we see the evolution from the ε-independent v2

regime to the v4 dependence as discussed above. Interestingly,
by increasing ε beyond �, we observe ∝v2 behavior in the
doublet state (blue) as well. This is a regime where it becomes
favorable for the unpaired electron from the QD to enter the
SC as a quasiparticle. Similarly to the second-order process
that causes the proximity effect in the singlet sector, here
the quasiparticle occupies an orbital symmetrically distributed
across the two SCs, and the second-order φ-dependent correc-
tion comes from processes where the quasiparticle traverses
the junction (or conversely, from the φ-dependent shape of
the orbital).

We have thus established a generic property of the system
that can only be captured by accounting for single electron
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(a)

(d) (e) (f)

(b) (c)

FIG. 5. Effect of the tunneling amplitude of Cooper pairs across the reference junction, tp. (a)–(c) φ dependence of the spectra for three
increasing values of tp, at fixed φext = 0.4π (indicated with vertical lines). The black dashed curves show the Josephson potential of the
auxiliary Josephson junction, −2tp cos(φ − φext ). (d) Location of the minimum of the ground state for different φext as a function of the ratio
of the Josephson energy of the auxiliary and the QD-junction r = E ref

J /E eff
J (0). Dashed black lines indicate the corresponding φext . (e) Position

of φmin vs φext for different values of r. (f) The black dashed line corresponds to φmin = φext . E eff
J vs r, with φext ranging from 0 (orange) to

π (blue) in steps of 0.2π . The top black dashed line corresponds to the sum of contributions from both junctions, E eff
J (0) + E ref

J , while the
bottom one is the absolute difference |E eff

J (0) − E ref
J |. Other parameters: U/� = 3, ε = −0.9U

2 , v/� = 0.4, Ec = 0.

hopping processes: the presence of a SC quasiparticle always
leads to a dominant second-order contribution to E eff

J . This
is further corroborated in Figs. 4(c) and 4(d). In the singlet
ground state, Fig. 4(c), a quasiparticle is induced by increasing
U beyond �, transforming the nature of the ground state from
ABS to YSR. Correspondingly, E eff

J (v) changes from v4 for
U < � to v2 for U > �. Similarly, a quasiparticle is favored
in the doublet ground state if ε > � (for ε > 0), or ε >

� + 2ε + U (ε < 0). Figure 4(d) shows the negative ε case,
where the crossover from v4 to v2 behavior occurs when |ε| >

� + U .

B. Reference Josephson junction: tp dependence

Next, we investigate the effect of the reference Josephson
junction in the SQUID geometry as a means of enforcing the
phase bias φ = φext across the QD JJ using external magnetic
flux [42]. The Josephson energy of the reference junction is
given by E ref

J = 2tp. The effective Josephson energy of the
isolated QD junction is denoted E eff

J (0) and corresponds to
E eff

J , defined in Eq. (17), at tp = 0. The total potential is the
sum of the QD-induced potential and the −E ref

J cos(φ − φext )
term, as in Eq. (3). We note that this setup corresponds to
the ASQ embedded in a transmon that was experimentally
explored in Refs. [7,36,43].

We set U = 3� and remain close to the particle-hole
symmetric point, a parameter regime relevant for the ASQ,
where the ground state is a doublet with a singly occupied
QD, E eff

J ∝ v4, and V (φ) has a minimum at φmin = π . Fig-
ures 5(a)–5(c) show the spectra with increasing tp for φext =
0.4π . The phase difference in the ground state, φmin, depends
on the competition between the reference and the QD junc-

tion, which we quantify by the ratio

r = E ref
J

E eff
J (0)

. (18)

Figure 5(d) shows the r dependence of φmin as tp is increased,
and the systems transitions from a QD-induced π junction to
the one with enforced φmin = φext. There is weak φext depen-
dence of φmin at finite r: the phase difference is not equally
strongly enforced for all φext.

This is explicitly shown in Fig. 5(e), where we plot the
location of the potential minimum φmin with changing φext for
various values of r. For experimentally relevant r ≈ 5–10 we
find relatively small deviation from the optimal φext = φmin

situation (black dashed line).
The depth of the effective total potential V (φ), defined

in Eq. (3), depends on φext. This is shown in Fig. 5(f),
where we plot the r dependence of the effective Josephson
energy E eff

J from Eq. (17). V (φ) is a sum of two sinu-
soidal terms [see Eq. (3)], one coming from the QD with
a state-dependent phase factor (0 for singlet, π for doublet)
and the other from the auxiliary junction with the phase
φext. When the two phases are aligned at φext = π , the am-
plitude of V (φ) is the sum of the two amplitudes (upper
black dashed line). On the other hand, when the two junc-
tions are out of phase at φext = 0 their contributions subtract
(lower black dashed line). At r = 1 this leads to a com-
pletely flat V (φ) (zero E eff

J ) despite the Josephson energies
of the two junctions possibly being very large. Any finite
value of Ec close to this point would cause large fluctuations
of φ.
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(a) (b)

(c) (d)

FIG. 6. Effect of the charge repulsion Ec. (a) Evolution of the excitation spectrum with increasing Ec in the doublet (blue) and the singlet
(red) sector. (b) Absolute values of the amplitudes in the φ basis for the ground state and first two excitations in the doublet sector in the
intermediate regime, Ec/(E eff

J /2) = 10−3. (c) Absolute values of amplitudes in the φ basis (αφ) and m basis (αm) for the doublet ground state
for different values of Ec. (d) Variance of m, μ = 〈m2〉 − 〈m〉2 in the doublet ground state vs Ec/E eff

J at φext = π . The black vertical line
corresponds to 8Ec = E eff

J . E eff
J (0)/� = 0.027, r = 1.1. Other parameters are U/� = 3, ε = −0.8U

2 , v/� = 0.5, N = 601, and n0 = 300. In
panels (a)–(c) tp/� = 0.1, φext = π .

C. Quantum dot transmon: Charging-energy effects

After demonstrating that the model reproduces a number
of standard properties of a QD JJ, we turn our attention
to the case of finite charging energy. Ec induces mixing
between the states with a different φ, and it is no longer
possible to find eigenstates in each φ subspace separately.
We thus use the full basis as defined in Sec. III C and
Appendix A.

The effect of Ec on the spectrum is shown in Fig. 6(a). With
increasing Ec the eigenstates lose their well-defined phase and
gradually transform into states with a well-defined m. This is
reflected in the disassociation of the band of width 2E eff

J into
discrete states with excitation energy growing as 4Ecm2. In
agreement with the effective transmon model [Eq. (2)], the
crossover occurs over a protracted range of Ec values, centered
at Ec/E eff

J ≈ 10−3.
The nature of the eigenstates can be gauged by tracing

over the active orbital degrees of freedom and plotting the
amplitudes in the m basis (αm) and in the Fourier-transformed
φ basis (αφ), see Fig. 6(c). In the Ec → 0 limit the eigen-
vectors tend to a δ peak in the φ space, corresponding to
a wide distribution in the dual m space. The opposite is
found in the Ec → ∞ regime. In the crossover regime the
distribution of α exhibits substantial width in both basis
spaces. This indicates that neither φ nor m are well de-
fined, and there is no privileged basis for the description of
eigenstates.

In Fig. 6(b), we show |αφ|2 for the doublet states in the
transmon regime, exhibiting an increasing number of peaks
and nodes in higher-lying excitations. These curves can be in-
terpreted as effective wave functions of the transmon degree of
freedom, exhibiting the expected characteristics of a particle
trapped in a potential well.

The quantum fluctuations of m reflect the competition
between the charging energy Ec, favoring states with a well-
defined m, and the effective potential V (φ), favoring a state
with a well-defined φ. In Fig. 6(d) we plot the variance of m
in the doublet ground state,

μ = 〈m2〉 − 〈m〉2, (19)

for different values of U . μ decreases with increasing Ec, as
a certain charge distribution becomes favored and the prob-
abilities of other m values are reduced. Plotting in log-log
scales uncovers two regimes. At small Ec we find roughly
μ ∝ 1/

√
Ec, independent of the value of U . In this regime

the charging energy provides a large effective mass m∗ in
the harmonic-oscillator picture, m∗ ∝ 1/Ec, which then leads
directly to μ ∝ m∗ω ∝ (m∗)1/2 ∝ 1/

√
Ec.

The inflection point is at 8Ec = E eff
J (dashed vertical line).

Here 8Ec corresponds to the charging energy penalty of the ex-
cited state with m = ±2, obtained by transferring one Cooper
pair across the junction; the sum of the Ecn2 terms in each
SC gives Ec[22 + (−2)2] = 8Ec. Notably, at this point μ ≈ 1,
indicating a close to equal superposition of the |m = 0〉 and
|m = ±2〉 states.

At larger Ec, only the |m = 0〉 state remains populated.
Furthermore, the electrostatic effects in the QD start to play
a role, as seen by the dependence of μ on U . For large U ,
the fluctuations of charge on the QD are strongly prohibited,
and thus μ decreases much faster with increasing Ec than for
smaller values of U [49].

D. Spin-orbit splitting of the doublet states

If the QD is in the doublet state, the transmon excitations
(labeled by an integer i = 0, 1, 2, . . .) split into |i,↑〉 and
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(a)

(b)

FIG. 7. Spin-orbit splitting of the doublet states at zero magnetic
field. We plot (a) the eigenenergies E of the states |0, σ 〉 and |1, σ 〉,
where σ is the helicity index, and (b) the corresponding transition
frequencies ω between these states. The line styles and colors for
transitions resemble those from Figs. 4(a) and 4(b) in Ref. [7]. Blue
and purple: pure transmon transitions. Yellow and orange: pure spin-
flip transitions. Dashed and dotted: mixed transitions involving both
spin and transmon degrees of freedom. Parameters: U/� = 3, ε =
−U

2 , v/� = 0.5, v↑↓/� = 0.2, vsc/� = 0.2, tp/� = 0.1, Ec/� =
0.02.

|i,↓〉 states due to the Zeeman splitting of the QD level
in magnetic field, or due to SOC-induced spin splitting for
general values of φext. Figure 7 shows the low-energy doublet
states |i, σ 〉 for the two lowest transmon levels i = 0, 1 in
the presence of the SOC at zero magnetic field, as well as
all six transitions between these four states. This figure can
be compared with Fig. 4(b) in Ref. [7], showing the two-
tone spectroscopy of the joint two-qubit (transmon and ASQ)
system. In addition to the spin-conserving transmon transi-
tions (blue and purple), there are two “mixed” transition lines
involving both spin and transmon degrees of freedom in the
presence of coherent coupling between them [7] (dashed and
dotted). The pure spin-flip transitions (orange and yellow)
reflect the different spin-orbit splitting, which is here found to
be much stronger for the i = 0 transmon ground state (yellow)
than the i = 1 transmon excited state (orange). The general
parameter dependence of the amplitude of SOC splitting in
the different i levels of the transmon ASQs is an interesting
open question for future work.

V. APPLICATIONS

Having established that the presented model reproduces all
key features of the QD physics, as well as phenomena arising
from the interplay of the Josephson effect and charging, we

now show that the method is able to address more challenging
problems such as those of strong-coupling between the QD
and transmon degrees of freedom, time-dependent problems,
as well as the calculation of matrix elements that quantify the
possibility of driving various transitions.

A. Strong coupling of transmon and spin degrees of freedom

In the absence of SOC, Sz is a conserved quantum number,
so with increasing magnetic field the |i = 0,↑〉 and |i = 1,↓〉
states cross at a certain field strength. In the presence of
the SOC, however, the states instead mix which leads to an
avoided crossing. This effect can be utilized to implement
coupling between two qubits, one encoded in the first two
transmon states and the other in the spin of the QD electron,
see Ref. [7] for an experimental realization.

Here we present a minimal example of such strong mixing
effects. Figure 8(a) shows the splitting of the doublet states
with increasing Zeeman splitting on the QD, EZ . Dashed lines
correspond to the case with no SOC, while solid lines exhibit
the avoided crossing for finite SOC. Our method enables
direct access to the wave function, which in general is not
a product state of the two subsystems, i.e., the two degrees
of freedom become entangled. In Fig. 8(b) we plot |αφ|2 for
the two states for a range of Zeeman energies EZ through
the avoided crossing, gauging the mixing in the transmon
subspace. The |0,↑〉 state evolves from a single-peak shape,
characteristic of the transmon ground state, to two peaks at the
crossing point EZ/� = 0.25. The single peak is reinstated as
the energy difference between the states increases at large EZ .
We find that this behavior is ubiquitous and largely indepen-
dent of the values of the parameters.

Such avoided crossing has been recently observed experi-
mentally in an ASQ-transmon device, see Figs. 4(c) and 4(d)
in Ref. [7]. We return to this phenomenon in Sec. V C.

B. Exact time evolution

Because of the exponential reduction of the Hilbert space
achieved with the flat-band approximation, by obtaining the
full eigendecomposition of the Hamiltonian via exact diago-
nalization it is straightforward to compute the time evolution
and calculate various nonequilibrium properties by numer-
ically integrating the time-dependent Schrödinger equation.
Such calculations are out of reach of other methods.

A minimal example of Rabi oscillations is shown in Fig. 9
[39,40]. We turn on a small Zeeman splitting EZ/� = 0.1 to
split the two doublet states, and apply a Gaussian spin-flip
pulse (for simplicity we assume that we are at resonance, that
we work in the interaction picture, and that we have dropped
the counter-rotating terms in the rotating-wave approximation
[40]):

H ′(t ) = Ae−(t−t0 )2/2σ 2
Ŝx. (20)

The time evolution of the expectation value of Sz at the QD
is shown in Fig. 9(a). For the chosen values of A and σ the
pulse causes a single oscillation of the spin, which then settles
at Sz ≈ −1/2. Figure 9(b) shows the final value of 〈Sz〉 long
after the pulse with varying A and σ . Typical Rabi fringes are
observed.
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(a) (b)

FIG. 8. SOC-induced level repulsion. (a) Spectra of the doublet manifold with increasing Zeeman splitting of the QD level with (dashed)
no spin-orbit coupling and with (solid) tsc = 0.2�, v↑↓ = 0.2�. In both cases, the ground state at EZ = 0 is set to zero energy. (b) Amplitudes
in the φ space of the |0, ↑〉 and |1, ↓〉 eigenstates through the avoided crossing. Other parameters: U/� = 3, ε = −U

2 , v/� = 0.5, tp/� = 0.1,
φext = π , producing E eff

J ≈ 0.22�. Ec = 0.02� ≈ 0.1E eff
J . N = 601 and n0 = 300.

An obvious utility of such calculations is in predicting
optimal pulses for controlling the qubits [71]. This could be
done by interfacing our code with a quantum optimal control
library where the required input is the system Hamiltonian,
e.g., Ref. [72]. For example, one could predict and optimize
two-qubit gates in the ASQ-transmon devices [7].

C. Transition matrix elements

The Hamiltonian includes an effective low-energy descrip-
tion of the QD and its coupling to the rest of the circuit,
at the level of single-orbital Anderson impurity model with
extensions for the SOC. While approximate, this description
is nonetheless microscopically realistic, it contains all terms
which are believed to be relevant (in the renormalization
group sense, as well as considering the symmetry constraints),
and it is most likely adequate to address many questions about
the interplay between the different degrees of freedom. In
particular, one can investigate various coupling mechanisms
that permit the qubit control. In the experiments of Ref. [7],
the transitions were driven by applying microwave pulses

0.5

-0.5

0.0

0 20 40 60 80 100

(a) (b)

FIG. 9. Coherent evolution in response to spin-rotating pulses.
(a) Time evolution of the expectation value of Sz of the QD spin
when applying a Gaussian Ŝx pulse (shown on top). (b) Expectation
value of Sz at long times, t � σ , for a pulse of height A and width
σ . Other parameters: U = 3�, ε = −U

2 , v/� = 0.5, EZ/� = 0.1,
tp = 0, Ec = 0, no SOC.

to the QD gate electrode, which has a dominant capacitive
coupling to the QD orbital. All types of transitions shown
in Fig. 7 were observed, both pure transmon, pure spin-flip,
as well as mixed transitions. Due to the SOC, the electric
field modulates not only the orbital wave function in real
space but indirectly also the spin degrees of freedom, a phe-
nomenon known as the electric dipole spin resonance (EDSR)
[7,73–77]. To shed light on the physical mechanisms of state
transitions we now investigate the off-diagonal matrix ele-
ments of some key operators, in particular the charge operator,
the electric dipole

∑
qiri, and the current operator. For sim-

plicity, we use the following operating definitions: the charge
operator is taken to be the QD occupancy operator nQD, the
dipole is defined as nL − nR (which does not involve the QD
directly, but contains information about the charge asymmetry
in the device), and the current is defined as J = ∂H/∂φext. The
current matrix element is calculated using the off-diagonal
form of the Hellmann-Feynman theorem:

Ji j = 〈i| ∂H

∂φext
| j〉 = (Ei − Ej )

(
∂〈i|
∂φext

)
| j〉, (21)

where Ei, Ej are the eigenenergies of the states |i〉 and | j〉.
To calculate the derivative we use finite differences, taking
�φext = 0.01π .

We first consider the φ dependence of these operators for
an experimentally realistic parameter set, Fig. 10, at finite
magnetic field applied in the direction that is perpendicular
to the SOC spin-polarization direction (“perpendicular field”).
For all three operators considered, we generally observe that
the matrix elements are the largest for the transmon tran-
sitions, the weakest for the pure spin-flip transitions, and
intermediate for the mixed transitions. The operators consid-
ered couple to the spin degree of freedom only indirectly, via
the SOC, which naturally explains this hierarchy. Importantly,
we also observe different flux dependencies, depending on
the operator considered and the transition type. The matrix
elements for the charge operator, Fig. 10(a), have a nearly
sinusoidal dependence for the pure transmon transition; they
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(a) (b) (c)

FIG. 10. Matrix elements for transitions: overview of the φext dependence. (a) Charge operator, |〈i|n̂QD| j〉|2, (b) current operator, |〈i|J| j〉|2,
with J = ∂Ĥ/∂φext . (c) dipole operator, |〈i|n̂L − n̂R| j〉|2. Vertical positions indicate the transition frequency. Symbol areas are proportional to
the squared absolute values of the matrix elements; the number indicated in the legend corresponds to the maximum value attained (the two
charge operators are dimensionless, while the “current” operator is given in the energy units of �). The numbers are not directly comparable,
because the overall transition probability also depends on different prefactors. Parameters: U/� = 3, ε = −U

2 , v/� = 0.5, tsc = 0.2�, v↑↓ =
0.2�, tp/� = 0.1, φext = π , producing E eff

J ≈ 0.22�. Ec = 0.02� ≈ 0.1E eff
J (as in Fig. 8), for a perpendicular magnetic field of EZ/� = 0.02.

N = 101 and n0 = 50.

reach a maximum value at φext ≈ ±π/2, and they go through
a zero at φext = 0 and φext = ±π . The pure spin-flip transi-
tions are anharmonic, with a maximum close to φext = ±π/4,
and go through a zero at φext = 0 and φext = ±π . The mixed

transitions have a maximum at φext ≈ ±π/3 and remain finite
at both φext = 0 and φext = ±π . The matrix elements for the
current operator, Fig. 10(b), have a weak φext dependence for
the transmon transitions. Spin-flip and mixed transitions are

(a) (e) (i) (m)

(b) (f) (j) (n)

(c) (g) (k) (o)

(d) (h) (l) (p)

FIG. 11. Magnetic field dependence: parallel field Ex . First column: φext = 0, second column: φext = π/4, third column: φext = π/2, last
column: φext = π . (a), (e), (i), (m) Eigenenergies. (b), (f), (j), (n) Transition frequencies. (c), (g), (k), (o) Matrix elements for the charge
operator. (d), (h), (l), (p) Matrix elements for the current operator. Color scheme for transitions as in Fig. 7. Parameters: U/� = 3, ε = −U

2 ,
v/� = 0.5, tsc = 0.2�, v↑↓ = 0.2�, tp/� = 0.1, Ec = 0.02�. N = 101 and n0 = 50.
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(a) (e) (i) (m)

(b) (f) (j) (n)

(c) (g) (k) (o)

(d) (h) (l) (p)

FIG. 12. Magnetic field dependence: perpendicular field Ez (indicated in units of �). For easier comparison of matrix elements for different
types of transitions on the same vertical scale, we multiply all matrix elements for pure spin-flip transition matrix elements (yellow, orange)
by 100, and all matrix elements for mixed transitions (dashed, dotted) by 10; the matrix elements for pure transmon transitions (blue, purple)
are not scaled. At the upper range of magnetic field we start to observe anomalies due to the anticrossing between the |1,↓〉 and |2, ↑〉 states
that occurs at Ez/� ≈ 0.095. Parameters as in Fig. 11.

strongly φext dependent and they are out-of-phase (not easily
seen in Fig. 10 due to the chosen scale): the pure spin-flip
matrix elements are maximal at φext = 0 and go through zero
for φext = π/2; the mixed transition matrix element are, con-
versely, large at φext = π/2 and go through zero at φext = 0.
The matrix elements for the dipole moment, Fig. 10(c), have
a similar φ dependence as those for the current, although they
are not exactly proportional. Because of this similarity, in the
following we only consider the charge and current operators,
assuming that these two operators represent the two important
classes of the φext dependence. (We have also considered the
quadrupole operator with an operational definition nL + nR; in
our model it brings no new information because it is trivially
related to the charge operator nQD.)

The experiments suggest that driving becomes easier with
the application of the magnetic field [7]. A magnetic field
that is parallel to the SOC spin-polarization direction (“par-
allel field”) has little effect, see Fig. 11. The most striking
feature is the fact that only transmon transitions show finite
matrix elements in this case, spin-flip and mixed transitions
are altogether absent. From this we immediately conclude that
within our model a perpendicular component of magnetic field
is necessary to enable transitions involving the spin degree of
freedom if the coupling is only via charge or current.

We next investigate the case of a perpendicular magnetic
field, Fig. 12. The pure transmon transition matrix elements
(blue, violet) are not affected strongly by the field, yet they

do show some nontrivial field dependence. The pure spin-flip
and mixed transitions have even more complex field variation
which furthermore depends on the value of φext. The pure
spin-flip matrix elements (orange, yellow) remain zero for
the charge operator at φext = 0, and for the current operator
at φext = π/2; for general φext, they increase with the field,
although there is a sizable dependence on the transmon level.
Mixed transitions (dashes, dotted) are found to have non-
monotonic field dependence in most cases, with a maximum
value attained for some intermediate field strength. We note
that the cases of φext ≈ 0 and φext ≈ π appear to be anoma-
lous, and the Ez → 0 dependence of current matrix elements
is misleading: at very low field values the matrix elements for
transitions involving spin-flips actually drop to zero rather the
saturate, see Fig. 13. Nevertheless, even a small perpendicular
magnetic field is apparently sufficient to enable the spin-flip
transitions at these φext settings.

It turns out that the role of perpendicular field can
be explained via a simplified zero-bandwidth-approximation
(ZBA) calculation, see Appendix B: the low-field behavior is
indeed found to be linear in the perpendicular field Ez. ZBA
calculations also reproduce some trends observed in the φ

dependence (see also Appendix C).
The dichotomy between parallel and perpendicular mag-

netic field for spin-flip transitions follows from the prop-
erties of quantum-mechanical time-reversal operation. The
SOC defines a specific axis along which the spin-doublet
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FIG. 13. Asymptotic low-field behavior of current matrix ele-
ments for spin-flip transitions at φext ≈ 0. Parameters as in Fig. 12.

eigenstates are aligned (“spin polarized”) in the absence of
external magnetic field. Furthermore, all S = 1/2 eigenstates
can be grouped in pairs of states that are related by time con-
jugation (i.e., they form Kramers pairs at φ = 0 and φ = π ,
where there are antiunitary symmetries leading to state degen-
eracy, time-reversal for φ = 0 and a generalized time reversal
for φ = π ; the pairs can then be defined by continuity for an
arbitrary value of φ). Each pair defines a 2 × 2 subspace of the
full problem. The matrix representations of charge and current
operator are diagonal in each such subspace. This can be
seen as a rotational invariance of charge and current operators
around the spin-quantization axis in each Kramers subspace
(note, however, that charge and current operators do not com-
mute with the Hamiltonian itself). At φ = 0 and φ = pi each
charge submatrix is proportional to identity, while the current
submatrix is proportional to Pauli’s σz matrix (because charge
and current are even and odd, respectively, with respect to time
reversal). For general phi the matrix elements are different (for
current operator this means different in absolute value, but still
opposite in sign).

In the basis of a Kramers pair, the matrix representation
of the longitudinal (“parallel”) component of the spin oper-
ator is by definition diagonal. This implies that for a finite
parallel magnetic field, there is no mixing between the two
states. Since the charge and current matrix representations are
likewise diagonal, there can be no spin-flip transitions in this
case.

The matrix representation of the transverse (“perpen-
dicular”) component of the spin operator is by definition
out-of-diagonal. Thus a perpendicular magnetic field will lead
to an admixture of excited state into the ground state already
in first-order perturbation theory. In this case, spin-flip transi-
tions are allowed to occur.

For completeness, we now study the variation of eigenen-
ergies and matrix elements upon variation of other key model
parameters. We consider the case of small perpendicular field
Ez = 0.02� at φext = π/2. The variation of the QD level
ε, see Fig. 14, has a weak effect on the energies, but we
observe a large effect on the charge matrix elements, which
is monotonic for transmon and mixed transitions, while for
pure spin-flip transitions it changes sign not far from the
particle-hole symmetric point at ε = −U/2 = −1.5�. This
behavior is also predicted by the ZBA calculation in Ap-
pendix B. Furthermore, we note that the relative magnitude of

(a)

(b)

(c)

FIG. 14. Quantum dot level ε dependence. Parameters: U/� =
3, v/� = 0.5, tsc = 0.2�, v↑↓ = 0.2�, tp/� = 0.1, Ec = 0.02�,
φext = π/2, Ez/� = 0.02. N = 101 and n0 = 50.

pure spin-flip and mixed transition matrix elements is a strong
function of ε. For the current operators, the dependence on ε

is very weak for the transmon and mixed transitions; for the
pure spin-flip transition there is again a sign change, but these
matrix elements are anyhow quite low. Rather similar results
are obtained upon variation of the electron-electron repulsion
U , see Fig. 15.

The charging energy Ec, see Fig. 16, strongly affects the
transmon transition frequency, as expected. More interest-
ingly, increasing Ec suppresses the pure spin-flip frequency,
i.e., it renormalizes the SOC splitting, the effect being par-
ticularly strong for the excited i = 1 level. For both charge
and current matrix elements, the strongest Ec dependence is
observed in the mixed transitions, while pure transmon and
pure spin-flip transitions (especially for i = 0) appear to be
less sensitive to the value of Ec. We note that the proposed
model is the minimal Hamiltonian that allows us to study
how the QD properties are renormalized by the phase fluc-
tuations in the superconducting circuit. One could reexamine,
for example, the impurity Knight shift explored in Ref. [44]
and determine how a finite Ec affects the renormalization of
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(a)

(b)

(c)

FIG. 15. Quantum dot electron-electron repulsion U depen-
dence. Parameters: ε/� = −1.5, v/� = 0.5, tsc = 0.2�, v↑↓ =
0.2�, tp/� = 0.1, Ec/� = 0.02, φext = π/2, Ez/� = 0.02.

the Zeeman splitting by the coupling to the superconducting
leads.

The strength of SOC is proportional to the spin-flip hy-
bridization v↑↓ (in fact, it is proportional to the product of
vv↑↓tsc, see Ref. [43]). Indeed, the SOC level splittings are
directly reflected in the approximately linear trends of transi-
tion frequencies, see Fig. 17. As a general trend (with some
exceptions for weak SOC), the pure spin-flip matrix elements
tend to increase with v↑↓, while the mixed transition tend to
decrease; this is the case for both charge and current operators.
The transitions involving the transmon degree of freedom
show a sign change of matrix elements for the charge operator
at some large value of SOC (this is also reflected in mixed
transitions). As for the spin-flip transitions, we observe a sign
change for the current operator. This is, in fact, predicted by
the ZBA calculation, see Appendix B, which predict a propor-
tionality of transition matrix elements to v2 − v2

↑↓. Clearly,
this is renormalized by the coupling to transmon degrees of
freedom, so that the cancellation point becomes transmon
level dependent.

We now return to the case of strong ASQ-transmon cou-
pling, already introduced in Sec. V A. We thus extend the plots
similar to that in Fig. 12 to a wider range of magnetic fields
to fully reveal the variation of the transition matrix elements
in the vicinity of anticrossings, of which there are three in the
range considered: between |1,↓〉 and |2,↑〉 at Ez/� ≈ 0.095,

(a)

(b)

(c)

FIG. 16. Charging energy Ec dependence. Parameters: U/� = 3,
ε = −U/2, v/� = 0.5, tsc = 0.2�, v↑↓ = 0.2�, tp/� = 0.1, φext =
π/2, Ez/� = 0.02. N = 101 and n0 = 50.

between |0,↓〉 and |1,↑〉 at Ez/� ≈ 0.25 [the case discussed
in relation to Fig. 18 and the one experimentally explored in
Figs. 3(c) and 3(d) in Ref. [7]], and between |1,↓〉 and |1,↑〉
at Ez/� ≈ 0.34. It should be noted that we here use labeling
that adiabatically continues the zero-field labels, although it is
clear, for example, that the third anticrossing occurs between
the states that actually correspond to the i = 2 and i = 0 trans-
mon levels. Let us focus on the anticrossing at Ez/� ≈ 0.25.
The anticrossing between |0,↓〉 and |1,↑〉 [Fig. 18(a)] is
indirectly revealed through the behavior of transition frequen-
cies as an “anticrossing” between a pure transmon transition
and a mixed (spin-flipping transmon) transition [yellow and
purple lines involving the |0,↑〉 ground state in Fig. 18(b),
but also orange and blue lines involving the |1,↓〉 excited
state]. Across the anticrossing range the matrix elements are
changing between two asymptotic value, which is a signature
of the changing nature of the states. Importantly, at the point
of closest approach all matrix elements are sizable, even if the
asymptotic value on one side of the transition is very small.

The examples in this section clearly illustrate that the
proposed method can provide guidance in choosing system
parameters that lead to the optimal operating point, both in
terms of level energies as well as for the transition matrix
elements. We have observed that the variation of the matrix
elements is in general not trivial, it can easily span multiple
decades in amplitude, it is often nonmonotonic, and there are
sign changes. While some general trends for pure spin-flip and
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(a)

(b)

(c)

FIG. 17. SOC (spin-flip hybridization v↑↓) dependence. Param-
eters: U/� = 3, ε = −U/2, v/� = 0.5, tsc = 0.2�, tp/� = 0.1,
Ec/� = 0.02, φext = π/2, Ez/� = 0.02. N = 101 and n0 = 50.

pure transmon transition can be extracted for simplified ZBA
calculation that do not involve the dynamical superconductor
(transmon) degrees of freedom (Appendix B and C), the full
model is required to capture all the details and to account for
the mixed transitions.

(a)
(c)

(b)
(d)

FIG. 18. Perpendicular magnetic field dependence. Parameters
as in Fig. 12, except φext = (3/4)π . The values of matrix elements
are not rescaled in any way.

VI. CONCLUSION

We have investigated a system of a QD embedded in a
junction between two superconductors from the viewpoint of
the charge-conserving Richardson model of superconductiv-
ity. We argue that this approach enables clearer understanding
of various properties of the system, especially those related
to the emergence of the superconducting phase difference and
its dynamics. Most importantly, it is able to access parameters
regimes that BCS-type approximations cannot, most notably
the case of finite charging energy in the superconducting
islands. The model treats on the same level all important phys-
ical processes—the impurity physics of the interacting QD,
the charging energy and pairing terms in the superconductors,
and the Josephson effect. Furthermore, by including spin-orbit
coupling this becomes a model for Andreev spin qubits in
transmon devices.

The central step of our solution is the flat-band approxi-
mation, which consists of neglecting the kinetic energy in the
superconductors. This leads to an exponential reduction of the
Hilbert space while retaining all states through which the QD
is coupled to the SCs and are important for the low-energy
physics of the system.

The obtained Hamiltonian is similar, in spirit, to the
zero-bandwidth BCS approximation for the superconducting
Anderson impurity model, however it retains information
about the distribution of the Cooper pairs between the two su-
perconductors, as in the conventional transmon Hamiltonian,
thereby combining aspects of both approaches. It is formu-
lated in the conjugate space of well-defined charge, which
enables natural implementation of the charging energy terms
in the SCs and allows us to capture the quantum fluctuations
of the phase difference.

We have demonstrated that the model reproduces all fea-
tures expected of a quantum dot Josephson junction in the
limit of zero charging energy, and we have singled out the pa-
rameter regimes where standard approximations fail, pointing
out the importance of quasiparticles in the superconductor in-
duced by the pair-breaking effects of the “magnetic” quantum
dot. Next, we investigated the effect of the charging energy
and its interplay with the Josephson effect. We observed and
quantified the evolution between the limits of well-defined
phase difference and well-defined charge difference on the
level of eigenstate properties and quantum fluctuations of
phase. Finally, we showcased the applications of the method
with three experimentally relevant problems: (1) the case
where the transmon and the QD degrees of freedom mix,
(2) the calculation of QD spin flipping induced by a pulse,
(3) the investigation of transition matrix elements.

The model can be applied to other states as well. While
in this work we have focused on the doublet subspace, as
appropriate for Andreev spin qubits, it is equally possible
to study the singlet subspace which is relevant for Andreev
level qubits based on the superpositions of empty and doubly
occupied quantum dot orbital.

Finally, noting that the Hilbert space is only moderately
large, it seems quite feasible to include relaxation and de-
phasing effects in the model through appropriate Lindblad
operators and to study decoherence in the associated open
quantum system.
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APPENDIX A: BASIS STATES AND HAMILTONIAN
GENERATION

Here we list the basis states that span the singlet (S = 0,
Sz = 0) and the doublet (S = 1/2, Sz = +1/2) subspaces, and
describe how the Hamiltonian matrix is generated.

The code, including the matrices, is available on GitHub
[62].

1. Singlet states

The singlet manifold has dimension 14, consisting of one
state with no unpaired particles:

(1) |mL, 0, mR, 0〉,
six states with two unpaired particles:

(1) |mL, 0, mR, 2〉,
(2) |mL, 2, mR, 0〉,
(3) d†

↓d†
↑|mL, 0, mR, 0〉,

(4) (d†
↑|mL,↓, mR, 0〉 − d†

↓|mL,↑, mR, 0〉)/
√

2,

(5) (d†
↑|mL, 0, mR,↓〉 − d†

↓|mL, 0, mR,↑〉)/
√

2,

(6) (|mL,↑, mR,↓〉 − |mL,↓, mR,↑〉)/
√

2,
six states with four unpaired particles:
(1) |mL, 2, mR, 2〉,
(2) d†

↓d†
↑|mL, 2, mR, 0〉,

(3) d†
↓d†

↑|mL, 0, mR, 2〉,
(4) (d†

↑|mL,↓, mR, 2〉 − d†
↓|mL,↑, mR, 2〉)/

√
2,

(5) (d†
↑|mL, 2, mR,↓〉 − d†

↓|mL, 2, mR,↑〉)/
√

2,

(6) (d†
↓d†

↑|mL,↑, mR,↓〉 − d†
↓d†

↑|mL,↓, mR,↑〉)/
√

2,
and one state with six unpaired particles:
(1) d†

↓d†
↑|mL, 2, mR, 2〉.

2. Doublet states

The doublet manifold also has dimension 14. It contains
three states with one unpaired particle:

(1) d†
↑|mL, 0, mR, 0〉,

(2) |mL,↑, mR, 0〉,

(3) |mL, 0, mR,↑〉,
eight states with three unpaired particles:

(1) d†
↓d†

↑|mL,↑, mR, 0〉,
(2) d†

↓d†
↑|mL, 0, mR,↑〉,

(3) d†
↑|mL, 2, mR, 0〉,

(4) d†
↑|mL, 0, mR, 2〉,

(5) |mL,↑, mR, 2〉,
(6) |mL, 2, mR,↑〉,
(7) (d†

↓|mL,↑, mR,↑〉 − d†
↑|mL,↓, mR,↑〉)/

√
2,

(8) (d†
↓|mL,↑, mR,↑〉 + d†

↑|mL,↓, mR,↑〉−2d†
↑|mL,

↑, mR,↓〉)/
√

6,
and three states with five unpaired particles:

(1) d†
↓d†

↑|mL, 2, mR,↑〉,
(2) d†

↓d†
↑|mL,↑, mR, 2〉,

(3) d†
↑|mL, 2, mR, 2〉.

These are the states with Sz = +1/2. In cases of broken
time-reversal symmetry the Sz = ±1/2 degeneracy is broken
and the basis should be extended with the corresponding Sz =
−1/2 states.

3. Hamiltonian generation

The diagonal part of the Hamiltonian is

Hdiag = εnQD + UnQD↑nQD↓ + g

2

∑
βσ

f †
βσ fβσ

+
∑

β

Eβ
c

(∑
σ

f †
βσ fβσ + 2mβ − n0

)2

(A1)

and can be read out directly for each basis state.
The off-diagonal part is generated by first calculating ana-

lytical expressions for all matrix elements

〈d ′, m′
L, f ′

L, m′
R, f ′

R|Hhyb|d, mL, fL, mR, fR〉. (A2)

Only states where a single electron is transferred from the QD
to a SC are coupled, so the matrix is sparse, with elements of
the type

〈m′
L,↑, m′

R, 0|Hhybd†
↑|mL, 0, mR, 0〉

= vLδmL,m′
L+1δmR,m′

R
. (A3)

The matrices of Hhyb in the singlet [Eq. (A4)] and doublet
[Eq. (A5)] are given below. To shorten the notation, we denote
δβ

x = δmβ ,m′
β+x

:
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APPENDIX B: ZERO-BANDWIDTH-APPROXIMATION CALCULATION OF SPIN-FLIP TRANSITION MATRIX ELEMENTS

The transition matrix elements for pure spin-flip transitions can be obtained using a simplified zero-bandwidth approximation
(ZBA) for the superconductors, neglecting all dynamical effects (order-parameter fluctuations). In this Appendix we present the
results of such a calculation and comment on the differences that originate from coupling to the transmon degrees of freedom in
the full problem.

The Hamiltonian is H = H (L)
SC + H (R)

SC + HQD + Hhop + HLR, with

H (β )
SC =

∑
kσ

εkc†
βkσ

cβkσ + �
∑

k

eiφβ c†
βk↓c†

βk↑ + H.c.,

HQD = εnQD + UnQD↑nQD↓ + Ez/2(nQD↑ − nQD↓),

Hhop = v√
N

∑
β=L,R

∑
kσ

d†
σ cβkσ + H.c. + iv↑↓√

N

∑
kσ

(d†
σ cL,kσ̄ + c†

R,kσ̄
dσ + H.c.),

HLR = tsc

N

∑
k,k′,σ

c†
L,kσ

cR,k′σ + H.c.

We set φL = −φ/2 and φR = φ/2. We apply the gauge transformation cβkσ → eiφβ/2cβkσ [32,33] to remove the phase from the
pairing terms and transfer it to the hybridization part. We introduce the combinations of states fβσ = (1/

√
N )

∑
k cβkσ , and drop

all other modes from consideration. This leads to

H (β )
SC = � f †

β↓ f †
β↑ + H.c.,

Hhop =
∑

σ

[ ∑
β=L,R

veiφβ d†
σ fβσ + H.c. + iv↑↓(eiφL d†

σ fLσ̄ + e−iφR f †
Rσ dσ̄ + H.c.)

]
,

HLR = tsc

∑
σ

e−iφL+iφR f †
Lσ fRσ + H.c.

Finally, we perform the Bogoliubov transformation on both superconductors:

fβ,↑ = (bβ,↑ + b†
β,↓)/

√
2, f †

β,↓ = (b†
β,↓ − bβ,↑)/

√
2, (B1)

and

fβ,↓ = (bβ,↓ − b†
β,↑)/

√
2, f †

β,↑ = (b†
β,↑ + bβ,↓)/

√
2. (B2)

In this basis the Hamiltonian is diagonal dominant: the only out-of-diagonal matrix elements are couplings (v, v↑↓, tsc).
For a decoupled system (v = v↑↓ = tsc = 0), the low-energy subsector is spanned by the states |σ 〉 = d†

σ |BCS〉, where |BCS〉
is the BCS ground states of both superconductors. Excited states are generated by creating quasiparticles in superconductors
or adding or removing an electron on the QD site. There are in total 30 states in the Sz = ±1/2 sector of the Hilbert space,
two in the low-energy subsector and 28 in the high-energy subsector. To study the effect of admixing high-energy states into
the ground-state doublet, we make use of the recursive Schrieffer-Wolff transformation (RSWT) [78]. The results in the lowest
order are sufficiently compact to reproduce them here.

The transition matrix element for the charge operator is

〈σ |n|σ̄ 〉 = 8Ez(v2 + v2
↑↓)

(
1

(U + 2δ + 2�)3 − 1

(U − 2δ + 2�)3

)
≈ −96Ezδ(v2 + v2

↑↓)

(U + 2�)4 . (B3)

The transition matrix element for the current operator J = dH/dφ is

〈σ |J|σ̄ 〉 = 2Ezδtsc(v2 − v2
↑↓)

U 3 − 4Uδ2 + 18U 2� + 8δ2� + 60U�2 + 56�3

�(U − 2δ + 2�)3(U + 2δ + 2�)3
sin φ ≈ 2Ezδtsc(v2 − v2

↑↓)(U + 14�)

�(U + 2�)4
sin φ.

(B4)

We note the difference in definition of current operator: here
it is defined as the derivative with respect to the phase dif-
ference, for the full model it is defined as the derivative with
respect to the external magnetic flux. At qualitative level these
definitions should be equivalent, but there could be subtle
differences in detailed behavior.

As in the full model, a perpendicular field Ez is needed
to enable the spin-flip transitions. Both matrix elements go
through zero at the particle-hole symmetric point δ = 0; in
the full model, the zeros are shifted to some transmon-level-
dependent nonzero value of δ, see Figs. 14 and 15. The
current matrix element also goes to zero for a given ratio of
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spin-flip and nonspin-flip tunneling rates, in the ZBA limit
for v↑↓/v = 1, and in the full model for some renormalized
values, see Fig. 17. Such cancellation does not occur for the
charge matrix element, due to a different relative sign for the
v2 and v2

↑↓ contributions. At this order of the approximation,
the charge matrix elements do not depend on φ, while the φ

dependence of current matrix elements is sinusoidal. Neither
of these results agrees with the behavior in the full model,
which shows anharmonic φ dependence for n and a phase shift
of π/2 (cos φ term) for J . This appears to be a limitation of the
lowest order RSWT, not of the simplified ZBA description of
the problem. At higher orders (or by performing an exact diag-
onalization of the ZBA Hamiltonian) we find that both matrix
elements are φ dependent (sinusoidal) with the same phase
offsets as in the full problem (charge matrix element maximal
at π/2, 3π/2 and passing through zero at 0 and π , current
matrix elements maximal at 0 and π and passing through zero
at π/2, 3π/2). Furthermore, we find that zeros are shifted
slightly away from the particle-hole symmetric point δ = 0,
which is expected given that the ZBA Hamiltonian in the
presence of SOC has no particular symmetry at δ = 0.

APPENDIX C: TRANSMON TRANSITION
MATRIX ELEMENTS

The model proposed in the previous section can also
provide some clues about the φ dependence of the matrix
elements for pure transmon transitions. For example, it is
clear that the QD occupancy (charge) affects the value of the
Josephson energy EJ , hence a modulation of dot filling can
produce transitions between the different transmon levels. The
coupling between the charge and SC phase degrees of freedom
is quantified by the φ dependence of the diagonal matrix
elements (expectation values) of the charge operator for the
QD eigenstates. Observing that the φ dependence obtained in
low-order RSWT is not reliable, we investigated this problem
numerically using exact diagonalization. We observe that the
QD charge has a contribution to the expectation value that
is proportional to cos φ, while the Josephson current has the

FIG. 19. Ground-state expectation value of charge and Joseph-
son current operators in the zero-bandwidth-approximation model of
the JJ. Parameters are U/� = 3, ε/� = −1, v/� = 0.2, v↑↓/� =
0.1, tsc/� = 0.1, Ez/� = 0.1.

expected contribution proportional to sin φ, see Fig. 19. Based
on this, one would expect that the transmon transitions would
be strongest for φ of strongest variation: close to π/2 for the
charge operator and close to 0, π for the current operator.
The first prediction is confirmed in the full model that has
a sinusoidal φext dependence, see Fig. 10(a), but not the sec-
ond: Fig. 10(b) shows that the matrix element for J actually
remains fairly constant for all φext.
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